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ABSTRACT
This research work modified regression – cum – exponential estimators of population mean under ranked set sampling approach. The proposed estimators are functions of unknown parameters of the study variables which limits their applicability although these unknown parameters of the study variable can be estimated but larger sample is required to achieve this and this will leads to additional cost for a survey. The estimators proposed are function of known parameters of auxiliary variable which are sensitive to extreme values or outliers. This will drastically reducing the efficiency of the estimators. The estimators proposed is a ratio based estimator which is only efficient when the correlation between the study and auxiliary variable is positive. Then we estimators address key limitations of the existing methods by eliminating their dependence on unknown parameters and reducing their sensitivity to outliers. This is achieved by integrating robust regression techniques and robust measures of dispersion. The properties of the propose estimators are derived, and both theoretical and empirical analyses demonstrate that they achievea lower Mean Squared Error (MSE) and higher efficiency compared to the current estimators: (MSE: 4034.046, PRE 133.6946), (MSE: 5084.461, PRE 106.0742), (MSE: 3398.236, PRE 120.9747), (MSE: 3937.292, PRE: 104.412), (MSE: 6926.666, PRE: 132.3065), (MSE:8677.438, PRE: 105.612). The research recommended for practical use, especially when auxiliary variable information is available and data may contain extreme values or outlierKeywords:
Robust Estimator
Robust regression
Robust measure of dispersion
Mean Squared Error
Ranked Set Sampling.
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INTRODUCTION
[bookmark: _GoBack]In statistics sampling is the process of selecting a smaller portion or subset from a larger population, with the intention that this selected subset accurately reflects or represents the characteristics of the entire population. It’s essential to understand that a population comprises all the relevant items or individuals, (Elfil and Negida, 2017), whether finite or infinite, under consideration. Sampling is used daily to obtain the required information or to carry out a course of action. In the realm of statistics, two primary sampling methods exist; probabilistic sampling and non-probabilistic sampling, (Ilker and Kabiru 2017). This research focuses on probabilistic sampling, where each unit within the population has an equal chance of being selected for the sample. In contrast, non-probabilistic sampling lacks a mathematical basis for selection, (Ilker and Kabiru 2017). Various methods are employed within probabilistic sampling, including simple random sampling, systematic sampling, cluster sampling, and stratified random sampling. These methods offer distinct advantages and are chosen based on the specific characteristics of the population and the research objectives, (Ilker and Kabiru 2017). Estimators of population parameters such as population mean, variance, proportion, coefficient of variation, etc. have been studied under the sampling above schemes using information obtained from auxiliary variable(s). Some of the authors that have worked extensively in this direction include (Cochran 1940), (Murthy, 1964), (Upadhyaya and Singh, 1999), (Upadhyayaet al. 2004), (Yadavet al 2015), (Adichwalet al. 2017), ( Audu et al. 2020), (Audu et al. 2023)  and (Singh and Audu 2024).
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Sampling used in everyday life to obtain the required information or to carry out a course of action. Sampling saves time, labour and cost (Okafar, 2002), the three major area of sampling are development and modification of estimation, development and modification of sample design & development and modification of sampling size. The research focus on development and modification of estimation, in many practical situations sample sizes are not sufficiently large and estimators based on such samples may not be satisfactory in terms of their variances.
The ranked set sampling was proposed by (McIntyre, 1952) in his effort to bring out more efficient method that will estimate the yield of pastures there by measuring the yield of harvest on a land by mowing and weighing the hay which is time consuming.

MATERIAL AND METHODS 

Samawi and Muttlak (1996) also suggested product estimation for estimating the population mean based on RSS denoted by 

				      (1)

 (2)


	(3)


However the estimator  of Samawi and Muttlak (1996) is biased and only efficient when the correlation between X and Y is negative.

Mehta &Mandowara (2016), suggested the ranked set sampling based on ratio type estimate by incorporating coefficient of variation of an auxiliary variable estimate of finite population means through additive transformation as given in (4). 


								(4)

		(5)

						(6)

			(7)

		(8)

		(9)

		(10)

Where:




However the estimator proposed by Mehta and Mandowara in (10) is function of which depends on unknown constants,  and  of Y. 
Vishwakarma et al. (2019) utilized exponential function transformation on ratio estimator and propose ratio and product exponential type estimators of finite population mean using RSS given in (11)

	(11)


The Bias and MSE of   and   is of up to the first degree of approximation can be given as in (9) & (10),


	 			 (12)

			 (13)
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Mehta et al. (2020) suggested a generalized class of estimators of population mean under RSS design using linear combination technique as in 

	(14)

	(15)

The Bias and MSE of  is up to first degree of approximation are given as in (16) & (17) respectively.


 (16)


   (17)

Where:






However, the estimator proposed by Mehta el al. (2020) is a function of and p which depends on unknown constant  and  of Y
Khalid et al. (2022) suggested new exponential estimator given in (18)

	(18)
The Bias and MSE can be given in (19) & (20) respectively

(19) 

    (20)


Where:




However the estimator  proposed by Khalid et al (2022) is a function of  which depends on unknown constants,  and  of Y.
Yusuf et al. (2023) suggested a novel and enhanced exponential class of estimators of population mean under RSS as given in. (21),


	  (21)


The Bias and MSE also given in (22) & (23)
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Where The MSE Expression is to be Minimized Using Optimizing Scalar Denoted by 





			(22)

(23)


Where:





However, the estimator   proposed is a function of  which depend on the unknown constants, coefficient of variation  and correlation coefficient  of the study variable Y.
2.1 Proposed estimators of population mean under Rank Set Sampling (RSS)
In this section, the estimators proposed by various authors the following estimators were proposed based on the gaps identified in the aforementioned estimators:




Case 1: Proposed estimators using one auxiliary variable.			(24)(25)

Where:

The proposed estimator  is given as in (26).

				 (26)

Expression of  in forms of error terms can be obtained as in (27).

	            (27)

The Bias of is obtained as in (28) 
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						(28)

			(29)

Where: 

The proposed estimator  is given as in (30).

	(30)

Expression of  in forms of error terms can be obtained as in (31)

												(31)

The Bias and MSE of is obtained as in (31) & (32) 

					(31)

		(32)
Theoretical Efficiency comparisons of the proposed Estimators

The efficiency comparisons of the proposed modified estimators over some existing estimators were obtained as follows

		(33)

Where  denotes existing estimators considered in the study.
i. 

To compare the theoretical efficiency of  with that of , (34) is defined


								(34)	

			(35)

					(36)

	> 0							(37)	



If the condition in (37) is satisfied, the proposed estimator  is more efficient than existing estimator 
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i. To compare the theoretical efficiency of  with that of  (38) is defined



	 (38)	

	 (39)

      (40)



If the condition in (40) is satisfied, the proposed estimator  is more efficient than existing estimator 
ii. 

To compare the theoretical efficiency of  with that of  (41) is defined


						(41)

		 (42)

			 	 (43)

					(44)



If the condition in (44) is satisfied, the proposed estimator  is more efficient than existing estimator 
iii. 

To compare the theoretical efficiency of  with that of  (45) is defined


								(45)	

				(46)

				(47)

								(48)



If the condition in (48) is satisfied, the proposed estimator  is more efficient than existing estimator .
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iv. 

To compare the theoretical efficiency of  with that of , (49) is defined


								(49)

				(50)

						(51)

								(52)



If the condition in (52) is satisfied, the proposed estimator  is more efficient than existing estimator 
v. 

To compare the theoretical efficiency of  with that of , (53) is defined


								(53)	

			(54)

							(55)



If the condition in (55) is satisfied, the proposed estimator  is more efficient than existing estimator  
vi. 

To compare the theoretical efficiency of  with that of , (56) is defined


								(56)

			(57)

						(58)

							(59)
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If the condition in (59) is satisfied, the proposed estimator  is more efficient than existing estimator 
vii. 

To compare the theoretical efficiency of  with that of, (60) is defined


								(60)

					(61)

			(62)

								(63)



If the condition in (63) is satisfied, the proposed estimator  is more efficient than existing estimator 
viii. 

To compare the theoretical efficiency of  with that of, (64) is defined


								(64)

		(65)

		(66)

							(67)



If the condition in (68) is satisfied, the proposed estimator  is more efficient than existing estimator 
ix. 

To compare the theoretical efficiency of  with that of, (69) is defined


								(69)

	(70)
182


			(71)

							(72)



If the condition in (72) is satisfied, the proposed estimator  is more efficient than existing estimator 

FOR 
x. 

To compare the theoretical efficiency of  with that of, (73) is defined


								(73)

				(74)

						(75)

								(76)



If the condition in (76) is satisfied, the proposed estimator  is more efficient than existing estimator 
xi. 

To compare the theoretical efficiency of  with that of , (77) is defined


								(77)

				(78)

			(79)

								(80)



If the condition in (80) is satisfied, the proposed estimator  is more efficient than existing estimator 
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xii. 

To compare the theoretical efficiency of  with that of, (81) is defined


								(81)	

			(82)

						(83)

							(84)



If the condition in (84) is satisfied, the proposed estimator  is more efficient than existing estimator 
xiii. 

To compare the theoretical efficiency of  with that of, (85) is defined


								(85)	

			(86)

						(87)

							(88)



If the condition in (88) is satisfied, the proposed estimator  is more efficient than existing estimator 
xiv. 

To compare the theoretical efficiency of  with that of, (89) is defined


								(89)

			(90)

			(91)
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		(92)	



If the condition in (92) is satisfied, the proposed estimator  is more efficient than existing estimator 
xv. 

To compare the theoretical efficiency of  with that of, (93) is defined


								(93)

		(94)

		(94)

					(95)



If the condition in (95) is satisfied, the proposed estimator  is more efficient than existing estimator 
xvi. 

To compare the theoretical efficiency of  with that of, (96) is defined


								(96)

						(97)

						(98)

							(99)



If the condition in (99) is satisfied, the proposed estimator  is more efficient than existing estimator 
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RESULTS AND DISCUSSION 
In this section, simulation studies were conducted to examine the performance of the proposed estimators with respect to existing estimators under study. The efficiency comparison was done using some existing data set each at three different levels.
Population one: 



N=300; n=25; m=8; r=8; =1.7864; =23.143; =17.827; 








=0.83;  =0.65,  =0.54, = 0.72, =50.234; =72.872; =63.239 =0.8;
Table 1: Population one for single auxiliary variable

	Existing 
	
	

	Estimators
	Biases
	MSEs
	PREs
	

	

	 0
	 5393.302
	100
	

	

	 0
	4508.197
	119.6332
	

	

	3.696247
	4880.213
	110.5137
	

	

	 0
	4758.117
	113.3495
	

	

	37.08806
	5294.177
	101.8723
	

	

	-1.348842
	5124.298
	105.2496
	

	

	 0
	5393.302
	100
	

	

	 0
	5393.302
	100
	

	
	 9.049254
	4545.296
	118.6568
	

	Propose Estimators

	

	96.054
	4034.046
	133.6946
	

	

	245.1481
	5084.461
	106.0742
	















The above table 1: presents the Mean Squared Error (MSE) and Percentage Relative Efficiency (PRE) of various estimators, comparing existing estimators with proposed ones. Estimator  serves as the baseline with an MSE of 5393.302 and a PRE of 100. The proposed Estimator  stands out significantly, achieving the lowest MSE (4034.046) and the highest PRE (133.6946), indicating it is 33% more efficient than the baseline and outperforms all other estimators. In contrast, Estimator  performs poorly with an exceptionally high MSE (5393.302) and low PRE (100), suggesting it is highly inefficient. The other estimators () show moderate performance, and Estimator  (MSE: 5084.461, PRE: 106.0742) showing marginal improvement over the baseline. Overall, the proposed Estimator  demonstrates superior precision and efficiency, making it the optimal choice.
Population two:



N=339; n=25; m=5; r=5; =1.7864; =23.14; =19.87; 








=0.72;  =0.74,  =0.95, = 0.67, =40.234; =62.872; =63.239 =0.8;

Table 2: Population two for single auxiliary variable
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	Existing 
	
	

	Estimators
	Biases
	MSEs
	PREs
	

	

	0
	4111.004
	100
	

	

	0
	3659.303
	112.3439
	

	

	10.94033
	3950.963
	104.0507
	

	

	 0
	3969.787
	103.5573
	

	

	26.25385
	4012.094
	102.4653
	

	

	-2.786453
	3717.152
	110.5955
	

	

	0
	4111.004
	100
	

	

	0
	4111.004
	100
	

	
	5.732594
	3478.845
	118.1715
	

	Propose Estimators

	

	47.19291

	3398.236
	120.9747
	

	

	70.36085
	3937.292
	104.412
	














The above table 2: presents the Mean Squared Error (MSE) and Percentage Relative Efficiency (PRE) of various estimators, comparing existing estimators with proposed ones. Estimator  serves as the baseline with an MSE of 4111.004 and a PRE of 100. The proposed Estimator  stands out significantly, achieving the lowest MSE (3398.236) and the highest PRE (120.9747), indicating it is 20% more efficient than the baseline and outperforms all other estimators. In contrast, Estimator  performs poorly with an exceptionally high MSE (4111.004) and low PRE (100), suggesting it is highly inefficient. The other estimators () show moderate performance, and Estimator  (MSE: 3937.292, PRE: 104.412) showing marginal improvement over the baseline. Overall, the proposed Estimator  demonstrates superior precision and efficiency, making it the optimal choice.
Population Three:



N=400; n=25; m=5; r=5; =1.7864; =23.43; =20.27; 






=0.83;  =0.52,  =0.55, = 0.70, =60.234; =93.872; 


=63.239 =0.8;

Table 3: Population three for single auxiliary variable
	Existing 
	
	

	Estimators
	Biases
	MSEs
	PREs
	

	

	 0
	9164.43
	100
	

	

	 0
	7162.079
	127.9577
	

	

	-2.170621
	7807.481
	117.3801
	

	

	0
	7485.189
	122.4342
	

	

	61.97614
	9008.705
	101.7286
	

	

	-4.683419
	8932.362
	102.5981
	

	

	 0
	9164.43
	100
	

	

	 0
	9164.43
	100
	

	
	13.27594
	8766.305
	104.5415
	

	Propose Estimators

	

	 132.7231
	6926.666
	132.3065
	

	

	436.0609
	8677.438
	105.6122
	














The above table 3 presents the Mean Squared Error (MSE) and Percentage Relative Efficiency (PRE) of various estimators, comparing existing estimators with proposed ones. Estimator  serves as the baseline with an MSE of 9164.43and a PRE of 100. The proposed Estimator  stands out significantly, achieving the lowest MSE (6926.666) and the highest PRE (132.3065), indicating it is 32% more efficient than the baseline and outperforms all other estimators. In contrast, Estimator  performs poorly with an exceptionally high MSE (9164.43) and low PRE (100), suggesting it is highly inefficient. The other estimators () show moderate performance, and Estimator  (MSE8677.438, PRE: 105.6122) showing marginal improvement over the baseline. Overall, the proposed Estimator  demonstrates superior precision and efficiency, making it the optimal choice.
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CONCLUSION
From the result of the theoretical and empirical study, it was obtained that the new classes of the proposed estimators have the minimum MSEs and higher PRE compared to the other existing estimators considered in literature review. Hence this suggested the estimators show higher level of efficiency over the existing estimators considered in the study. The suggested estimators have higher chance of producing estimate that is closer to the true value of the population mean than the other existing estimators considered in the literature of the study.
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