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ABSTRACT

In this study, we formulated a mathematical model of the transmission dynamics
of hepatitis B considering both vertical and horizontal transmission and the
impact of treatment and vaccination as control measures. The basic reproduction

number ROB was calculated to represent the persistence and eradication
conditions of the disease. The following results of the analysis indicate that the
disease free equilibrium is locally stable for ROB <1 , globally stable for

RS <1 and a stable endemic equilibrium is reached for R} >1. The

parameters whose values had a positive sensitivity index increased the
transmission of hepatitis B, such as contact and transmission rate, while the
parameters whose values had a negative sensitivity index reduced the
transmission of hepatitis B, such as the treatment and vaccination rate, etc.
Numerical simulations also revealed that if the treatment and vaccination rate is
increased, the burden of hepatitis B to the population is greatly reduced. This
underscores the need for treatment interventions to break and potentially prevent
the transmission of hepatitis B in humans. Thus, it is recommended to improve
vaccination and treatment programmes, including interventions to prevent
mother-to-child transmission, to effectively reduce and control the transmission
of hepatitis B to the population.

INTRODUCTION

These statistics illustrate that although significant strides

Hepatitis B remains a major infectious disease of global
public health concern, posing a significant threat to
human health and survival worldwide. Hepatitis B is
caused by highly infectious hepatitis B virus (HBV)
which mainly affects the liver and can lead to acute and
chronic disease. Chronic HBV infection can lead to
cirrhosis, liver failure and HCC. Despite the fact that the
disease is preventable by vaccination, and can be
managed through effective antiviral medications,
hepatitis B remains a significant global public health
problem. According to the latest estimates from the
World Health Organization, there were an estimated 240
million people with chronic HBV infection in 2024, and
an estimated 0.9 million new HBV infections in 2024.
Furthermore, an estimated 1.1 million people died from
cirrhosis and liver cancer associated with chronic
hepatitis B virus (HBV) infection in 2024 (WHO, 2026).

have been made in the prevention and treatment of HBV
infections, the disease is still an important preventable
cause of mortality and morbidity around the world.

HBV burden is extremely high in the African Region. In
2024, the region had an estimated 68% of the global
burden of new hepatitis B infections and coverage of the
birth dose vaccine against hepatitis B was low in many
countries. Moreover, less than 5% of all people with
chronic HBV worldwide are in treatment in 2024 (WHO,
2026). Nigeria has a large burden of HBV and is one of
the countries that continue to contribute significantly to
the global burden of HBV. The continuing burden of
HBV in Nigeria and other African countries highlights the
need for effective combinations of preventive and
therapeutic interventions. HBV can be transmitted from
mother to child, via sexual contact, contact with infected
blood and body fluids,
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contaminated blood products from transfusion,
contaminated healthcare items such as inadequate
sterilisation of healthcare items, infected organs (Moneim
et al., 2009; Nguyen et al., 2020). There are two types of
transmission: vertical transmission and horizontal
transmission. Vertical transmission can happen when an
infected mother passes on the virus to her child in utero,
at birth, or within the first month after birth. This is
especially significant since the chances of developing a
chronic infection following an early childhood infection
is high. Horizontal transmission is via contact with
infected blood or body fluids, such as sexual contact,
contact with contaminated instruments or blood products.
Hence, the vertical and horizontal transmission should be
included in a mathematical model to properly describe the
transmission dynamics of HBV.

The outcome of HBV infection is dependent on the
interaction with the host immune system. Once a person
has been exposed to HBV, they can successfully
eliminate the virus and become immune or may not be
able to eradicate it and develop chronic infection. So the
host immune response is a significant factor in viral
persistence and disease progression (Busca & Kumar,
2014). The biological features of HBV transmission are
appropriate for mathematical modelling as people can be
in various epidemiological states, depending on their
infection status, disease course, treatment and recovery.
Vaccination is still one of the most effective means of
preventing HBV infection. The hepatitis B birth dose is
particularly important for preventing mother-to-child
transmission of the disease, if not administered at the
proper time. WHO has made hepatitis B vaccination a
priority to achieve the target of eliminating viral hepatitis
as a public health threat by 2030, including the timely
birth-dose vaccination. HBV control is also reliant on
treatment, as antiviral drugs can slow the progression of
the virus to cirrhosis and liver cancer, thereby decreasing
the risk of such outcomes (Nguyen et al., 2020; WHO,
2026). However, the disparity between availability of
effective interventions and the actual coverage of these
interventions continues to cause significant public health
issues especially for HBV transmission. Consequently,
study of vaccination and treatment in tandem in a
mathematical framework is needed to elucidate how these
interventions may affect HBV transmission.
Mathematical modelling is now an important tool to
understand the spread of infectious diseases, as well as to
evaluate the success of control measures. Mathematical
models have proven to be valuable tools for
understanding the dynamics of disease, the interventions
that can be implemented, and for public health decision-
making in recent years. Recently, Jalija et al. (2026)
proposed a generalized fractional Adams—Bashforth—
Moulton method and discussed the dynamics of typhoid
fever, which showed that the fractional numerical
methods can be useful and efficient for solving the
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epidemiological models. With insight into multiple
infection dynamics, Odiba et al. (2024) developed a
deterministic model of the transmission of COVID-19,
HIV and monkeypox, highlighting the need to consider
the interactions between each of these diseases when
modelling. Furthermore, Ojonimi et al. (2025) presented
a fractional-order model for hepatitis B (HB) and applied
the generalized Adams—Bashforth—-Moulton method,
highlighting the accuracy, flexibility, and promise of
fractional-order models in the study of intricate dynamics
in infectious diseases. Omale et al. (2020) performed
sensitivity analysis and stability analysis of the TB
transmission and found out the parameters which have the
most influence on the propagation of the disease in a
population. Similarly, Omale et al. (2021) developed a
mathematical model of TB-HIV co-infection in Kogi
State, Nigeria and showed that co-infection is an
important factor in the dynamics of TB-HIV
transmission. Omede et al. (2023) examined the
transmission dynamics of the co-infection of HIV and
Zika virus (ZIKA) and found that models of disease
transmission and control should account for multiple
modes of transmission. Amos et al. (2024) developed a
fractional mathematical model of transmission dynamics
and control of HCV and showed that fractional-order
models can better describe the behaviour of a disease than
classical integer-order models. Their study also came up
with effective control measures that could be taken to
control the spread of infection. Bolaji et al. 2024
formulated a mathematical model for controlling the
transmission of monkeypox in sub-Saharan Africa and
emphasized the significance of preventive and health care
measures to limit the transmission of the disease. In
addition, Bolaji et al. (2023) found that population density
affects the transmission of the Omicron variant of
COVID-19 in highly populated urban areas in Nigeria and
thus timely interventions are crucial to reduce
transmission. Philip et al. (2024) proposed a fractional-
order HIV/AIDS transmission model with control
measures and demonstrated that the fractional modelling
also offers insights into long-term dynamics of
HIV/AIDS transmission and effectiveness of intervention
measures. Similarly, Amos et al. (2026) formulated a
mathematical deterministic model of HIVV/AIDS vertical
and horizontal transmission and included treatment as a
key intervention. They found that higher treatment rates
led to lower rates of HIV/AIDS prevalence and new
infections, while higher rates of contacts and vertical
transmission were linked to higher rates of disease
transmission. These findings reinforce the need for a
multi-faceted approach, with combination intervention —
the use of both treatment and preventive measures for
infectious diseases control. Amos et al (2026) formulated
a mathematical model of wvertical and horizontal
transmission dynamics of syphilis, including treatment
interventions. Their study showed the necessity to use
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several modes of transmission and treatment intervention
to better understand infectious disease transmission and
control. Vertical and horizontal transmission is
considered to give a more complete picture of the spread
of disease, especially if the vertical transmission and
other modes of transmission play a role in the persistence
of disease. Agbata et al. (2025) developed a fractional-
order mathematical model for the transmission dynamics
and control of typhoid fever, incorporating fractional-
order derivatives and the Adams--Bashforth numerical
method.

Jalija et al. (2025) investigated a fractional-order dengue
fever model using the Caputo, Caputo—Fabrizio, and
Atangana—Baleanu fractional operators, together with
appropriate  numerical schemes for analyzing the
resulting system.

Specifically, mathematical modelling has been used to
the transmission and control of hepatitis B virus. Moneim
et al. (2009) used stochastic and Monte Carlo simulation
techniques to explore the diffusion of hepatitis B, and
Kimbir et al. (2014) developed and simulated a
mathematical model of HBV transmission dynamics
under the influence of vaccination and treatment to show
its significance in controlling HBV transmission.
Bowong et al. (2010) developed and solved a
mathematical model of HBV-HIV co-infection which
included relevant epidemiological and biological features
of both diseases. Likewise, Nampala et al., (2018)
formulated a mathematical model of hepatotoxicity and
antiretroviral therapeutic effects in HIV/HBV co-
infection and examined the therapeutic and toxic effects
of treatment. Amos et al. (2026) developed a fractional-
order Hepatitis B model incorporating vertical and
horizontal transmission and control strategies using three
fractional operators, highlighting the importance of
memory effects in HBV transmission dynamics.
Although these studies have significantly improved the
mathematical understanding of hepatitis B virus and other
infectious diseases, a complete model for HBV that
explicitly considers vertical and horizontal transmission
and takes vaccination and treatment as control strategies
is still needed. The continuing global burden of HBV,
high mortality, low treatment coverage, and the
significance of mother-to-child transmission all give
strong impetus to further mathematical investigation. The
model includes vertical transmission, which s
particularly relevant, since infection early in life is
associated with a much greater likelihood of chronic
infection.

Thus, a deterministic mathematical model of the
transmission dynamics of hepatitis B virus is developed
in this paper and is rigorously analyzed. The model
includes vertical and horizontal transmission, vaccination
and treatment as key components of the disease dynamics
and control framework. The proposed model is used to
evaluate the impact of vaccination and treatment on the
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transmission of HBV and to identify effective strategies
for reducing the spread of HBV within a population. The
analysis includes establishment of fundamental properties
of the model, determination of disease-free equilibrium
and basic reproduction number, stability analysis,
sensitivity analysis and numerical simulations.

The results are expected to provide useful mathematical
insights into the relative and combined effects of
vaccination and treatment on the control of HBV
transmission, especially in populations where both
vertical and horizontal transmission play a role in disease
persistence.

MATERIALS AND METHODS

Model Formulation
In the modeling of Hepatitis B virus, the entire human
population is divided into seven categories, using the

integer-order model; susceptible individuals Sh, This
group includes people who are not infected.; exposed
individuals EB; People who have experienced infection
exposure but have not developed contagious status, acute
infected individuals |, , chronic infected individuals 1

, population of individuals on treatment TB, vaccinated

human population VB and recovered human population
R;.

The recruitment of people into the susceptible group is
A, where are the effective rates of contact of the

susceptible people with the acute infected people, the
chronic infected population and the population on the

hepatitis B treatment are /3, 5, and £, respectively, is

the progression rate from exposed human population to
acute infected humans with hepatitis B &, and the

progression rate from acute infected class with hepatitis
B to chronic infected class is ), . The acute and chronic
infected human population are treated at the rate of &
and & The rate of recovery of humans due to treatment

of hepatitis B is denoted by 7 .
The natural death rate of human beings is represented as

M, - The disease induced death rate of acute infected

humans with hepatitis B, chronic infected humans with
hepatitis B and humans on treatment of hepatitis B are

represented by oO;,0, and Js . The rate at which
susceptible humans are vaccinated against hepatitis B is
denoted as ¢, and the rate of vaccine failure as ¢, and

32




Mathematical Modelling of the Transmission ... Jeremiah et al. JOBASR2026 4(5): 30-55

the rate at which recovered humans become susceptible
again is ¥ . The disease can be transmitted vertically at

the rate of /3,
Hepatitis B Model Flow Diagram

YRy
S, gls
pA| o
(1-BL)A, S, 6E 1, I T,
—*S:—L'EB — I, q_=IC—'£lC e s Ry
!
¢2SJJ ¢1VB 1,Es (4 +-”‘-']I-4 (84 )le (53 + J”r’:}rs HRs
£ A
Figure 1: Hepatitis B Model Flow Diagram
Hepatitis B Model equation
ds
d_th:(l_ﬂblA)Ah +oVg +yRg — A4S, _(¢2 +/uh)Sh7
dE
dtB =4S, _(91+ﬂh)EB!
dl
d_tAzelEB + BN — (&6 + @ + 6+ 1, ) |5,
dl.
E:wllA_(gl+53+ﬂh) Ie,
dT,
d—tB:gelA+gllc —(7+ 8+ 14,) T,
; @
V
tB =@,5, _(¢1 + 4, )VB’
drR
d—tB=TTB —(7/+,uh)RB.
Where ;ib _ (ﬂlIA +ﬁ2|c +ﬁ3TB)
N, '

33




Mathematical Modelling of the Transmission ... Jeremiah et al.

Table 1: Model Variables and Parameters Descriptions

JOBASR2026 4(5): 30-55

Variables Descriptions
Sh Humans who are susceptible to hepatitis B
E, Humans population who are Exposed to hepatitis B
N Acute infected human infected with hepatitis B
I Chronic infected human infected with hepatitis B
TB Human population on hepatitis B treatment
V, Vaccinated human population against hepatitis B
RB Recovered human population from hepatitis B
Parameters Descriptions
Ah Recruitment rate of Susceptible human population to hepatitis B
4, Natural death rate of human population
B The rate of contact between the susceptible humans and the human acutely infected
1 humans
5, Contact rate between the susceptible people and the chronically infected people
ﬂ Contact rate between the susceptible human beings and those who are on hepatitis B
§ treatment.
4 The progression rate of exposed humans to Acute infected human population with
! hepatitis B
W The rate of progression of the acute infected hepatitis B class to chronic infected
1 hepatitis B class
& Treatment rate of Acute infected human population.
g Treatment rate of Chronic infected human population.
T The recovery rate of human population due to treatment of hepatitis B.
o, Disease induced death rate of acute Infected humans with hepatitis B
53 Disease induced death rate of chronic Infected humans with hepatitis B
3, The death rate of humans on hepatitis B medication as a result of disease in human
population.
¢2 Vaccination rate of human population.
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é Waning rate of vaccine
Y Rate at which recovered humans become susceptible again.
Yij The rate at which the disease is transmitted vertically from mother to child during
* pregnancy.
(ﬂlIAJrﬁZIC +PsTg+do+ 1 )t
Nn >0.
MODEL ANALYSIS Since

Positivity of Solution of hepatitis B
Theorem 1: If the initial value For the exposed CIaSS(EB (t)) , from

$,20,E;20,1,20,1c 20T, 20V, 20.R, 20.dE, _(Bla+Alc +5Ts)

h_(01+:uh)EB’ (®)

Then the solution of hepatitis B model is non-  dt N,
negative. it follows that,
Proof: To show that solution of the model are positive, ¢
ds BZ_(61+:uh)EB’
. h :
we first At from equation dt
i (Aot Ao+ BT.) Hence,
d—t“:(l—ﬁblA)Ah+¢lVB+yRB —Nihsh —(¢,+ 1) S (2) EB (t) > EB (O)e—(elmh)t >0. ©)
as, > _(ﬂlIA HBle +Ble +h + 1) S, For the infectious class (IIA (t)) [from
dt N,
Separating the variables, we have: ddl_{* = _(56 +, + 0, + ﬂh) L, @)
d_sz_(ﬂll’\-'_ﬂzlc+ﬂ3TB+¢2+’uh)dt, we have:
i " dIA—eE + B Ay — (& + 0+ 6, + 1, ) dt
Integrating both sides, we have: I, 18 ern ° P " ’
Ins >_(ﬂ1|A+ﬂz|c + 55T + 6, +ﬂh)t+c Therefore,
h = 1 (5 o
N, @) 1,(t)>1,(0)e s arimlt 0 @®)
Taking the exponential of both sides, we have:
(Blatholc+BT+dptmn)t | For the infectious class (IC (t)) ,from
eInSh >e Np
B , dL:a)l —(8+5+ )I )
eInShZe_(ﬂllA+ﬁ2|C+ﬂSTB+¢2+/uh)txelnC, dt A& T ) e
N, we have:
(Bl a+Bolc+BsTg +o+1n )t dIA _
Sh(t)ZCe Nh ’ f_elEB+ﬂbAh_(86+wl+é‘l+lLlh)dt’
By applying the initial condition t=0 we have: Therefore, erars o)
s.(0)=cC, I (t) > 1 (0)e " ™7 >0, (10)
'W For the treatment class (TB (t)) , from
s, (1)=5, (0)e o
) _dtB =gl +ele — (746 +1,)Ts, (11)

it follows that,
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% >—(7+ 8+ 44, ) T
Hence,
Ty (t) =T, (0)e )t 5 0, (12)
For the Vaccinated class (VB (t)) ,from
dv
d_tB:¢ZSh _(¢1+ﬂh )VB’ (13)
we obtain:
dv
dtB 2 _(¢1 + 4, )VB'
Therefore,
V, (t) >V, (0)e ) > 0, (14)
For the Recovered class (RB (t)) ,from
dR
dtB =Ty —(7 + 14, ) Re. (15)
we obtain:
dR
dtB >—(y+ 1, )Rs.
Therefore,
R, (t) = R, (0)e )" >0, (16)

Consequently,
(Sn (1), Eg (1), 1A (D), 1c (1), T (1), Vs (1), R (1)) € R!
for all (t>0).Hence, all solutions of the hepatitis B

model remain non-negative for all time (t > 0), proving

that the model is epidemiologically and mathematically
well posed in the feasible region.
Furthermore, the feasible region is given by:

A @n
Q=2(S, Eg lalc,Tg Ve Ry) RN, =S, +Eg+ 1, + 1 +Ty +Vg +Ry < =01
Hy

Therefore, Qis positively invariant and attracts all
solutions of the system. Hence, the model is biologically
meaningful and mathematically well posed in the region

Q

Invariant Region of Hepatitis B

Theorem 2: if the initial value
S Eg 1 1., T3, Vs, Ry, Then the solutions  of

hepatitis B model are non-negative.

Proof.

To prove the invariant region, we need to show that the
solution of the model is visible.

The total population of the model is:

JOBASR2026 4(5): 30-55

dN
dth =Ny — 14,5, — 14, BEg — 1 — 14,1
— Ty — Vg — 14, Rg — 011y = 851 — 64Ty,
dN,
dt
dN,
dt
dN

— 4+ uN, <A,
dt Hn Ny h
A
N, (t)s(—h+ N, (0)——]e“t.
Hy Hy (18)
This shows that the model has a unique solution and is

invariant in the region €2=Q);. where the solution is

contained and the model is epidemiologically well posed
and thereby meaningful.

=Nt (Sy+Eg + 14+ 1 +Tg +V5 + Ry )= 8,1, = Sl =5, T;,

S Ay = Ny,

Ay

Disease Free Equilibrium Point

Hepatitis B transmission model, the Disease-Free
Equilibrium Point is the equilibrium state where there is
no Hepatitis B infection in the population.

At Disease free equilibrium point

(Sh #0,E;=0,1,=0,1.=0,T, =0,V #0,R; =O).
(Sh'EB’ IA'IC'TB'VB'RB):

19
[ Ah(¢1+:uh) OJ (19)

Hn (¢z +¢+ /”h)

Basic Reproduction Number
The basic reproduction number, ROB, is the number of
new infections caused by one infected individual in a

susceptible population. The Basic Reproduction number
is determined by next generation method

RS = pgF.Vs' as Fyis a non-negative matrix with

P,

,0,0,0,0, ,
My, (¢2 +¢1+l‘h)

other transition terms V and the largest Eigen value pg

ﬂ1(¢1+ﬂh) ,Bz(¢1+,uh) ﬂ3(¢1+ﬂh)

h+o+u, h+htu h+A+
F=|0 BA 0 0
0 0 0 0
0 0 0 0
K, O 0 0
and -6, K, 0 0O
Vg =
0 -w K, O
0 -5 —& Kg
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Bohi K K Koty + B ALK, K Kt + B ALK, K K, + K Ks B14,6, + K K 8,6,

+K Batottnb + K, Bots$6 + K o1y 06, + K B0 0, + Bi, 14,06, + Br&cod 6

RS = (20)
(¢2 +é + u, ) K, KsK, K
Where K, = (¢, +14,) . K, =(6,+ 14,). The expression for R> also provides biological insight
K, (56 + o +6, +ﬂh) K, = (51 +6, +ﬂh) into factors that influe_nce HBV tr_ansm_ission. Parameters
that are related to increased infectious contact and
K, :(r+56+,uh) ( ) transmission usually increase and therefore promote
disease spread. Conversely, control parameters like
K; :(7 +:”h)' vaccination and treatment decrease the transmission

The value of ROB is important for determining the

transmission behavior of HBV. When R> <1, each

infectious individual produces less than one new infection
on average, indicating that HBV transmission will decline
and the disease can eventually be controlled. When

ROB >1 each infectious individual produces more than

one new infection on average, indicating that HBV
transmission can persist within the population. The

threshold case ROB =1 represents the critical point
separating disease elimination from persistence.

probability of HBV by decreasing the number of
susceptible individuals and the infectiousness or period of
infection, respectively. Therefore, the size of is a good
measure to assess the effectiveness of the proposed
vaccination and treatment strategies in controlling the
transmission of Hepatitis B.

Endemic Equilibrium Point

The endemic equilibrium of the Hepatitis B model
represents the long-term state in which Hepatitis B virus
(HBV) persists within the human population. At the
endemic equilibrium,

(S, #0,E; #0,1, #0,1. #0,T, #0,V; = 0,R; #0).

*

K, (K3K4K5 K, + (_Ah K KsKo B, +77(Kogs + a)lgl))ﬂb) KeAy,

h

K KKK, (_KlKG — K4, + ¢1¢2) Ky +4,0,K, (_Ah K KK B, + T?’( Ky + a)lgl)) ’
N ( KK KK, + (_Ah KKK, B, + 77( Kyés + a)lgl))ﬁb ) KeA,

S = (—K2K4K5K7K3 +6, (-A KKK B, + 7 (Kog, +wlgl))) Ko + K, K, KK Ky (—K K + i)
|;= K7K5 (ﬂb (_K1K6_K6%+¢1¢2)K2_%91K6)K A ,
K K KoK, (—K K = Ko, + iy ) Ky + 4,0,K; (—A KKK, B, + 77 (K 2 + 48,
|é _ K;o K (ﬁb (_K1K6_Ke/1o+¢1¢2)K2_%91K6)A ,
K K, KsK; (K Kg =Ko, + iy ) Ky + 4,6,Kq (—A KKK B, +77(K 85 + 08, )
T K, (B (—K Ks = Koy + i, ) K, — ,0.K ) (K& + 38, ) A, o
KoK KoK (K K = Koy + i, ) Ky + 4,0,K, (—A KKK B, + 77 (K 85 + 0, )
. $,K, (KK KK, +((—KK A B, + 7725 ) K, +T0rgy ) By ) A,

B

(_K3K4 KsK; (4 + Ky ) K, + 4,6, ((_K5K7Ahﬁb +y7es) K+ Ta’1817)) Ke + KKK KK 4, ,

(K1K2K4 KeBoés + KK, K Boe10 + KK K Bygshy — K2K4ﬂbge¢1¢2j1A
h

+K, K fp&r Ay —

K. B,e000, + K, Keee 0, + Keer 4,00,

B

—K KKK A B A0, + y K Kegg 4,0, + y TK 6, 4,0,0,

—K KKK KKK = KoK K, K5K6K7ﬂb + K2K3K4K5K7¢1¢2
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Substituting into the force of infection: A, =

N,

We have:
H,A, +H, =0.(22)
Where

~K KK KA B) +7TK Ko Boes + 77K Brem + KK Ko By

H, =

+7K, K fyr0, + KK KKK B, + KK KK, Bygs + K KKK, By,

+K,K K, B g0, + TK K 6,0, + TK gm0, + KK KKK, + K, KKK, 6,

+K, KK, &,6 + KK K a0, + K K, 5,06,

+r7TK K Ksfogs + 77K K foget, + 7y tK K freo + y K, B 6,09,

+TK K K K Sy +TK K K fo610 — 7K, K, B 6, — K, Sy 610088,

+K KK KKK By + KKK KK B6s + K K KKK By + K KKK By,
By KK Kty + B A KK Kot + B A KK Ky + KK B0+ K K 516, ) |

K 11— +K, Be&s 14,0, + K, 6,00, + K B, 14, 0,0, + K, B,0,0,0, + o, 14,0,0, + Br6,0,0,6,
7
(¢2 +4 +/Uh) K, K KK

+y T KK Ko Bo&s + ¥ KK, Boget, + 7 T K K Boero, + y T K, Brean g,
+TK K, K K fo&s + TK K K fyer0 — T K K, Sogspp, — 7K, B8040,

(23)

2 +K K, K KKK B, + KK, K KK B g6 + K K KKK By + K KKK a0,

K, (1-R})

This means that the endemic equilibrium point of model
(1) is stable if the rate of inflow of individuals into the
compartments is matched by the rate of outflow due to
infection, disease progression, treatment, recovery,
vaccination and death. Specifically, if the value of the
infected compartments is positive, the HBV virus is
continuing to be sustained in the population. There are
close connections between the existence and behavior of
endemic equilibrium and the basic reproduction number

RS . When R® >1 HBV has the potential to persist in
the population and an endemic equilibrium may exist. On
the other hand, if RS <1, then transmission of HBV is

equilibrium thus serves as an important indicator of the
persistence of HBV in the long-term and the effectiveness
of vaccination and treatment interventions.

Local Asymptotic stability at Disease free equilibrium
point

Theorem 3: The disease-free equilibrium point of
Hepatitis Bsub-model is locally asymptotically stable

(LAS) if R® <1and unstable if R® >1.

Proof.
The Jacobian matrix of the Hepatitis B virus model (1)

evaluates at the disease-free equilibrium point &5 is

likely to be reduced, in favor of elimination. The endemic  given as:

_K 0 *(/BbAh + 5y (¢1+/’lh)) *(ﬂbAh + [, (¢1+#h )) *(/BbAh + L (¢1+/—‘h)) & »

* b + @+ 1, b, + @+ a4, b + @+ 1,
0 K, (/BbAh + B (A + )) (ﬂbAh + o (& + a2y )) (ﬁb/\h + B (& + 14, )) 0 0

&, + o+ 1y, &, + &+ 1y, &, + o+ 1y,
J(se)=| 0 4 LA, — K, 0 ) ) 0
0 0 @, -K, 0 0 0
0] 0 g & —K (0] 0
P 0 0 0 o] -Kgs O
0 0 0 0 z 0 -K
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Taking the characteristic polynomial of the above P(7;)=4"+M/A%+M,2° + MA* + M, A° + MgA? + M A+ M.
Jacobian matrix we have the polynomial below: (24)

Where

M, =-A B +K +K, +K; +K, +K; + K + K,,

KAWLttty + KN Lo + KNG Lo, + Ko Lore, + Ko AN LBodh

+ Ko ALt + KON Lore, +~ KN LBoh + KN Lot + KN L 14y,
+ KA Lot + KNy Lot + Ko N Lott, + Ko\ Boh + Ko\, L&
+Ko AL Loty + Ko Lot +~ Ko G, — KK, — K K

— KKy, — K K, — KKz — KK, — KK 0, — KK, g

— KKy — K Koy, — KiIKgg — K Ko, — K Koy, — K Kggh,

— K Kst, — KKy, — KKy — KK, — KoK, — KK,
—K,Ky8, — KK, — KoK 0 — KoK g, — KoKy, — Ko Ko ,
— KoK, — KoKy, — Ko Kggh, — Ko Ke, — KoK, 1, — KoK
KoK, — KK, — KK g — KK 0, — KKy, — KK
— KK — KKy, — KKl — K Ko, — K Ko, — KK
— KK, — K Koy, — KUK — K Ko, — K Ko, — K K
—KiKg, — KUK, — KUK — KUK g, — KKy, — KK
— KK, — KK, — KKy — KKy, — KKy, — KK
— KK, + NGO, + e, O, + Lih O, + po, P p, + ¢12¢2 -+ ¢1¢22

2

:¢2+¢1+#h

K KA Lot + KIKOA Loy + KIKGA B, + KIK A B, + KIKGA L B
+K KA Lot + KIK A SBasy, + KK AL Boh + KIK A Bd, + KK A S 14y,
+K KA Lot + KK AL Loty + KIKGA Bops, + KIKOA B + KIKOA L B,¢,
+KoKUA LBty + Ko KA B + Ko KA LBty + KoK AL LB, + KoK AL By
+Ko KA Lo, + KoK A Bt + KoK AL B + Ko KA LB, + Ko KA B 14y
+K KA LB + Ko KA Lo, + KUK A Sotty, + KK A B + KU KA S,
+KGKeA L Loty + K KA LByt + K KA L Bty + K KGN Borsy, + KGKG AL Body
+ KUK AL LB P + Ks KAy Bt + Ks Ko AL By + KK Syt + Ks Ko AL B 1
+KKoA L Lot + K Ko AL LBy, + KeKoA L Lot + K KoL By + K Ko A o,
=Ny, fo ttn P _Ahﬂb¢12¢2 - Ahﬂb¢l¢22 — KKKy, — KKK — K K K0,
KKK — KKK 8 — KKK g, — KKKy, — KK, K — K K, K,
—Ki K Ko, — KK K — KK Ko, — K K K 2, — KKK — KKK 6,
—KIK K, — KKK — KK K0, — KKKy, — KK K — K K K¢,
—K KK, — K KK — KKK, — KKK 14, — K KK — K KK 6,
—K K, Ky, — KIK K — KIK K, — KK Koy, — KIK K — KK K,
1 K KK, — KIK K — KK K0, — KKKy, — KKK — K K Kg i,
= b, + P+ L1y, —K KKy, =K KKy — KKK, — KKK 24, — KKK — K KK 65, ’
+KALLBO + K Bi14,6, + K B 6, — KKK 1, — KoK K — KoK K0,
—KoK Koy, — KKKy — KoK K, — KoK Koz, — KoK K — KoK K,
—KoK Ko, — KK Ko — KK K9, — KoK Ky, — KoK K — K K K,
—KoKKety, — KK K — KoK K, — KoK K 1, — K K K g — KoK K6,
—Ko K Ko, — KKK — K KK, — Ko KK 14, — KoK Ko — K KK,
—KoKeKo g, — KKKy — Ko K Koy + Ko, hp, + K2¢12¢2 + K2¢1¢22
—KK Koy, — KK Ky — KoK Ko, — KoK Kz, — KoK K — KK K,
—KK Koy, — KK Koo — KK K9, — KKK, — KKK — KKK,
—KoK Ky 2y, — KKKy — KKK g, — KKK 14, — KKK g — KKK, 0,
+ Kby + K3¢12¢2 + K3¢1¢22 — KKKy, — K KK — K K Ko, — K KK, 24,
_K4 Ks K7¢1 - K4 K5K7¢2 - K4 Ke Kwuh - K4K6K7¢1 - KaKe K7¢2 + KAAhﬂbH:L
+K, 44,6, + K, L6, + K, 1,0, + K4¢12¢2 + K4¢1¢22 — KKK 4, — K KK &,
—KsKeK70, + KA BL6, + K B1£4,0, + K 1O, + Ko,y + K5¢12¢2 + K5¢1¢22
+KeA LSO, + K Bir4n6, + K 5166, + Ko AL B 6, + K, Bi14n,6, + K, B0, + K, 1,4,
+K7¢12¢2 + K7¢1¢22 + NG SoEeO + N [ 0,6, + [ f,0,6, + 0,0, + L3E544,6, + [:550,6,
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4

1

¢+ + 1,

KK KA Byt + KKK A Boh + K K KA B, + KK KA B,
+K K KA oty + K K KA fody + KK KA oty + K K KA Sy
+K K KA oy + KK KA Byt + K K KA By + KK KA By,
+K K KA Byt + K K KA By + K K KA By + K KK A By
+K K KA o + KK KA By + KK KA Bty + KK KA By
+K K KA BB, + KK KA Sy + K KK A By + K KK A B8
+K KK A Syt + K KK A By + K KK A By + K KK A By

+K KK Ay Boh + KKK A By + KK KA By + KK KA oy

+HKOK KA Sty + KK KA oty + KK KA fiodh + KK KA oy
KKK A Botty + KoK KA By + KK KA By, + KK KA oty
+K K KA ot + K KK A Sy + K KK A Bty + KKK A By

+K KKy A oy + KK KA Byt + K KK A o + K KK A fody
KA Bttty — KA B8, — KA Bothhy” + KK KA B,

+K KsKsA ot + K KK Ay Sy + K KK A By + KKK A By

+K KK A oy + K KK A Byt + K KK A S + K KK A oy
KA Bttty — KN Both 28, — KA Bohty” + KKK A B,

+K KK A oty + KKK A oy = KAy Byt iy — KSAhﬂb¢12¢2
_KSAhﬂb¢1¢22 — KA Bty — K7Ahﬁb¢12¢2 - K7Ahﬂb¢l¢22 - KK KKy
—K KKK = K KoK K 8, — K KoK K s, = K K K K = K KKK,
—K KoK Kt — K KoK Keh — KKK Ko, — K KoK Ko, = KKK Ko
—K KKK, = KKK Ko, = K K K K — KKK Koy, — K KoK K
—K K K Kot — K KK, Ko, — K KKK 2, = K KK Ko — K KKK ¢,
—K KoK Kty = K K KK — K KKK, — KK KKy 1, = KK KKy
—K K KKy — KK KoKty = K K KK — K KKK ¢, — KKK K
_K1K3K4K5¢1 - K1K3K4K5¢2 - K1K3K4Keﬂh - K1K3K4K6¢1 - K1K3K4Ke¢z
—K KK Kot = KKK Ko = K KK Ko — K K KK i, = K KKKy
—K KKK, — KK KK, = K KKK — K KK Ko, — K KKK 4
—K K3KeKag = K K KK, — K K KK 1, = KK KK — K KKK,
—K K KeKo = KK KK = K K KK g, — KK KK i, — K K KK 6
_K1K4K6K7¢2 + K1K4Ahﬂb01 + KlKAﬁlluh‘gl + K1K4:B1¢191 - K1K5 KG K?:uh
K KsKeKag = K KKK, + KK Ay 5,60+ K Ko 14,6, + K K 56

+K Ko 5,0, + K Ko 14,60, + K K 10 + K KA 56+ KK B 6

+K K B0, + KA, SO + KA B0, + K By iy, 0,0, + K oy 6,

+K B 14,0, + K By — KKK Ko, — KKK Ko — KKK Ko,

—K KK Koty = KKK Ko = KoK K K, — Ko KK Ko, = KKK Koy
—Ko KK K, — K K KK, — KoK KK — KoK K Ked, — KoK KK
_K2K3K5K7¢1 - Kz K3K5K7¢2 - K2K3K6K7tuh - Kz KaKe K7¢1 - Kz K3K6K7¢2
+K Kot g, + K Koy, + K, Koy — KoK KoK, — KK K Ko

—K K KK, — K K KoK 1, = KoK KKy — KoK KK, — KK KsKo
_K2K4 KG K7¢1 - Kz K4K6K7¢2 + Kz K4ﬂh¢1¢z + Kz K4¢12¢2 + Kz K4¢1¢22
~K KKKy a1, = K KKK g — K KKK, + K Ko i, + K K6,
+K Ksgh’

JOBASR2026 4(5): 30-55
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1

&+ +

KKK KA Syt + K KK KA o + K KK KA By + K KK KA By
KKK KeAn B + KK K Ko A By + KK KK A Bty + KK KK A Bodh

+KK K KA By + KKK KA By + K KK KA B + KK K KA fody

+K KKK A Syt + KK KK A o + KK KK A oy + KK KK A B,

+K KKK A By + KKK KA Sod, + KKK KA Byt + KK KK AL By
+K K K KA Sy, + KK KK A By + KK KK A Sodh + KK KK A B8

+K K KK A Bty + KK KK A By + K KKK A By + K KKK AL By

+K KK KA By + K KKK A By, + KK K KAy Bty + KKK KA By

+K KK KA oy + K KKK A Bty + K KKK A By + KK K KG A B,

+HK KKK A Byt + K KKK A By + KK K KA S, — K KA B 1846

-K, K4Ahﬂb¢12¢2 -K, K4Ahﬂb¢1¢22 + K KK KA Byt + K KKK AL B

+ Kz K5 Ke K7Ahﬁb¢2 - Kz KsAhﬂbﬂh¢1¢2 - Kz KSAhﬂb¢12¢2 - Kz KSAhﬂb¢1¢22

—K KA By d, — K, K7Ahﬂb¢12¢2 -K, K7Ahﬁb¢1¢22 + K, KKKy A By

+ K4 K5 Ke K7Ahﬂb¢1 + K4 KSKG K7Ahﬂb¢2 - K4K5Ahﬂb:uh¢1¢2 - K4 KSAhﬂb¢12¢2

_K4 KSAhIBb¢1¢22 - K4K7Ahﬂb;uh¢l¢2 - K4K7Ahﬂb¢12¢2 - K4 K7Ahﬂb¢1¢22

—K K Ay Bty — K K7Ahﬁb¢12¢2 -Ks K7Ahﬂb¢l¢22 — K KKK K

_K1K2 Ka K4K5¢1 - Kle K3 K4K5¢2 - K1K2K3K4K6:uh - Kle K3 K4 Ke¢1 - Kle K3K4 Ke¢2
—K KKK Ky = K KKK Ko g — KK KKK ¢, — K KK KK 1, — KKK KKy
—K K KK Ko, — K KK KK 1, — K K KKK g — K K KKK 8, — KK KKK
_Kle Ks Ke K7¢1 - Kle K3K6 K7¢2 - Kle K4 KsKsﬂh - Kle K4K5 Ke¢1 - Kle K4K5 Ke¢2
_K1K2K4K5 K7/uh - K1K2K4K5 K7¢1 - K1K2K4K5K7¢2 - K1K2K4K6K7:uh - K1K2K4K6K7¢1
_K1K2K4K6K7¢2 - KleKsKeKwuh - K1K2K5K6K7¢1 - K1K2K5K6K7¢2 - K1K3K4K5Ke/uh
_K1K3K4 K5 K6¢1 - K1K3 K4K5 K6¢2 - K1K3K4 K5K7,uh - K1K3K4K5 K7¢1 - Kl Ks K4K5 K7¢2
—K KK KKy = K KK, KK — KKK KK 8, — K KKK K 1y — K KKK K 64
_K1K3K5K6 K7¢2 - K1K4K5 Ke K7:uh - K1K4 K5K6K7¢1 - K1K4K5K6 K7¢2 + K1K4K5Ahﬂb91
+K KK B0, + K K K .10, + K K KA 5,0, + K K K B 10,6, + K K K S 6,
+K KK A B+ KKK, B0, + K KK, B.8,6, + K KA, Boes + KK, Bees 14,6,
+KK, Byeeth 6, + K K KA 5,6, + K KK 514,60, + K KK 5,616, + K KK A 5,6,
+K KK B0, + K KK 516, + K Ko Ay B0, + K K B, 14,0,0, + K K 5,00, 6,
+K KKy AL B0, + K KK, 14,0, + K KK, 81616, + K Ko Ay Bies 0, + K KA B0,
+K K Bo 1,06, + K Ko B,0,8,6; + K K o 14,6, + K K fres .6, + K Ko A fes6,
+K KA B0, + KK, B 1,00, + K K, B,0006, + K K oo 14,60, + K K Byee 6
+K A g @0, + K fye 1,00, + K Sy oy 0, — K KK KK 1, — KKK KKy
—K KK KK, — KKK, KK = KKK KK + K K3K4¢1¢22 — KoK KKKy 4
—K K KKK — KK KKK g, + KoK K iy + Ko K Koy, + KK Koy
+K KK 4,40, + KoK, K.4’¢, + K, K3K7¢1¢22 — K K KKK, 1, — KoK KK Koy
- Kz K4 Ks Ke K7¢2

JOBASR2026 4(5): 30-55
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1

:¢z+¢1+ﬂh

KKK K KAy By + K KK K KA foh + K KK K KA oy
+K KK KK A By + KKK KK A By + KK KKK A B
+K KK Ko KA Syt + KKK K Ko A S + KKK KK AL S dy

+K K KKK A By + K KKK KA By + K K KKK A oy
+K K KKK A By + K K KK KA By + K K KKK A oy
+K K KKK A By + KK KKK A By + KK KKK A By
_Kz K4 KSAhﬁb/uh¢1¢2 - Kz K4 KSAhﬁb¢12¢2 - K2K4K5Ahﬂb¢1¢22

_Kz K4K7Ahﬁb:uh¢1¢2 - K2K4K7Ahﬂb¢12¢2 - Kz K4 K7Ahﬂb¢1¢22

_Kz K5K7Ahﬁb/uh¢1¢2 - Kz Ks K7Ahﬂb¢12¢2 - K2K5K7Ahﬁb¢1¢22
_K4K5K7Ahﬂb/uh¢1¢2 - K4 K5K7Ahﬂb¢12¢2 - K4K5K7Ahﬂb¢1¢22

_Kle K3K4 KsKe,uh - K1K2K3K4 K5K6¢1 - K1K2K3K4K5Ke¢2

_Kle K3K4 K5K7ﬂh - K1K2K3K4K5K7¢1 - K1K2K3K4K5K7¢2

_Kle K3K4 Ke K7:uh - K1K2K3K4K6K7¢1 - K1K2K3K4K6K7¢2

_Kle K3K5 Ke K7,Uh - K1K2K3K5K6K7¢1 - K1K2K3K5K6K7¢2

_K1K2 K4K5Ke K7/Uh - K1K2K4K5 K6K7¢1 - K1K2K4K5K6K7¢2

_K1K3K4 Ks Ke K7:uh - K1K3K4K5K6K7¢1 - K1K3K4K5K6K7¢2

+K K, K KA o6+ K K KK 614,60, + K K KK S

+K KK KA 50 + KK KK B0+ K K KK 5,16,

+K KKK A 5,0, + KK KoK B 6 + K K KoK 516,

+K K KA Bo660; + K K Ko By 14,6, + K K K Bi6,06;

+K K KA Boesb + KKK B 1,0, + K K K Baes i)

+K KK KA Sy + K KKK, 51,6, + K KKK 510,

+K KKy 0,0, + K KK B, 11, 0,0, + K KK B,0,4,0,

+K KK AL B,0,0, + K KK, B, 1,00, + K KK, B,00,6,6,

+K KK Ay B850, + K K Ko A foan 6, + K KK B, 1,060,

+K KeK; B0, + K K K; Brgs 14,6, + K KK Biee 46,

+K KA fo6,0,0; + K Ko By6, 14,0,0, + K K By, 00,6,

+K KA So100, + KK, By p,0.0, + K K; Bre,,6,

—K KK KKK, = KKK KK Ko = Ko KK KKK 4,

K, KK Kt dihy + KKK Ko, + K KK Koy + KKK K 4,44,
+K, K3K4K7¢12¢2 + K2K3K4K7¢1¢22 + K KKKy 1y, + K2K3K5K7¢12¢2
+K; KK, K7¢1¢22 + KK KK 1,0, + KK K K7¢12¢z + K2K4K5K7¢1¢22
+K KKKy 88, + KK, K5K7¢12¢2 +K KKy K7¢1¢22 + K, KKKy A B0
+K K KeK7 B b, + K KKK, 5,10, — K KA S,816,0, — K, Ko Sy 14, 646,0,
K KB 3,0, + K KK A By + KKK, Bogorn6, + K KK, Biee i,
_K4K7Ahﬁb¢l¢291 -K, K7ﬁ1:uh¢1¢2€1 - K4K7ﬁ1¢12¢291 - K4Ahﬂb56¢1¢291
K, Baes tn 8,6, — K4ﬂ3€6¢12¢201 + KKKy Ay B0, + KKK By 14, 0,0;
+K5 Ke K7ﬂ2w1¢161 - K5 K7Ahﬂb¢1¢201 - K5K7ﬂ1ﬂh¢1¢201 - K5 K7ﬁ1¢12¢2€1
~KsA Bo0,88,6, — K o 11,0,6,8,6, — Ko B0 4,0, + KK A f,0,6,
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42




Mathematical Modelling of the Transmission ... Jeremiah et al.

By applying the Routh-Hurwitz criterion which states that
all roots of the polynomial have negative real parts if and
only if
M, >0,M, >0,M,; >0,M,>0,M;>0,M;>0,M, >0.

For all these conditions to be satisfied, then ROB <1.

Therefore, by Routh-Hurwitz criterion, the disease-free
equilibrium of the Hepatitis B virus model (1) is locally

asymptotically stable when ROB <1.

Global Asymptotic Stability of the Disease-Free
Equilibrium Point of the Hepatitis B Model.

To investigate the global stability of the disease-free
equilibrium, we use the technique implemented by
Castillo-Chavez and song (2004).

To do this, we write the equation in the uninfected class
as

dX

——~=F(X,2),

And we re-write the equation in the infected class as
dz
—=0G(X,2),

Where X =(S,,Vg, Ry ) € R} denotes the uninfected

population and

H, :‘Z—fz DZG(x*,o)Z—é(x,z),

denotes the infected population
Eon =(X*, 0) represent the  disease-free

equilibrium of the system, and it globally asymptotically
stable if it satisfies the following conditions:

H, :(1]—): =F (X*,O), X "is globally asymptotically

stable
At Disease free equilibrium

KoK KA, By tinthhy + K, K KA B8, + KK KA, By + K KKK KK 24,
+K, K, KK, K Ko + K KKK K Ko, + K KA B0, + KK, B4, 16,0,
+K, K B8 8,0, + K A, Boeshir6, + K, Bt 1, 81,0, + K, Boeet 8,0, + Ks A Bo06,8,6),
+Ks By 1,06 + K KAy By 6, + K Ko Bt i 0, + K Ko i 6,6,
KB 08 00, + M Sraorhdi6, + Bt ah b6, + Praod’d0, +(1-R; )

JOBASR2026 4(5): 30-55

(25)
ds
d_th:Ah_:uhSh’
H :d—zzDG(x*,o)z—é(x,z), (26)
2 dt z
G(X,Z)>0for all (X,Z)eDand where

D,G ( X7, 0) is an M- matrix (i.e the diagonal elements

are no-negative and it is also the Jacobian of

n

G(X,Z)ZO evaluated at (X*,O).If the system

satisfies the above condition, then the theorem below
holds.
Theorem 4

The equilibrium point SOBz(X*,O) is globally

asymptotically stable if ROB <1.

From the above, it is obvious that

(1_ﬁb|A)Ah +¢Vs + 7Ry

_(ﬁlIA +ﬂ2|c +ﬁ3TB) Sh

Nh

_(¢z +/uh)sh dx
$,Sy _(¢1+,Uh)vB =E
Ty _(7+ﬂh)RB

(27)

(ﬁlIA+ﬂ2IC +ﬂ3TB)
Np
91E8+ﬂbAh7(€6+a)1+61+:uh)lA
ol —(e+06;+m)le

Sh _(91+1uh)EB (28)
dz

G(X,Z)= o

glatele—(T+8+ )T,
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—(t9+ ﬂ1(¢1+ﬂh) ﬂ2(¢1+ﬂh) ﬂ3(¢1+ﬂh)
1 ﬂh)
(¢2+¢1+/Jh) (¢2+¢1+/"h) (¢2+¢1+ﬂh)
D, (X",0)= 6, By — (&6 + @, + S, + 1) 0 0 :
0 @, —(&,+ S5+ 14) 0
0 & & —(7+ 8+ 1)
To prove that
G(X,2)>0,
_(01+/’lh) ﬂ1(¢1+ﬂh) :Bz(¢1+ﬂh) ﬂ3(¢1+:uh) E,
(¢2+¢1+/Jh) (¢2+¢1+ﬂh) (¢2+¢1+:uh) |
D,(X"0)2=| ¢4 By (&6 + @, + 6+ 11, 0 0 |A ,
0 0} —(&+8;,+ 14) 0 TC
0 & g ~(r+8+um))" "
_(01+1uh)EB+ ﬂ1(¢1+ﬂh) |+ ﬁ2(¢1+ﬂh) I+ ﬂ3(¢1+:uh) T,
(¢2+¢1+:uh) (¢2+¢1+/Jh) (¢2+¢1+ﬂh)
D, (X",0)Z = OEg + By — (&5 + @ + 5+ 1)1, :
ol —(&+8;+ )¢
gly+ele —(T+56+/Jh)TB

H, :Z—f: D,G(X",0)Z -G(X

Z),

H,:G(X,Z)=D,G(X",0)Z-G(X,Z)

ﬂ1|A+ﬂZIC +ﬁ3TB*(ﬂ1IA+ﬂz|c 7LﬂsTB),\Th

G(X,2)= 0
0
0
(ﬂlIA-"—ﬂZIC +ﬂ3TB)[1_|ihj
G(X,z)= 0
0
0

From the above, it is obvious that

h

(29)

G,(X,Z)20and G,(X,Z2)=G,(X,2)=G,(X,Z)=0,..

which implies thatél(X , Z) > 0.

Consequently, since the given necessary and sufficient
conditions stated above is satisfied, then the disease-free

equilibrium &,5 of Hepatitis B model is globally

asymptotically stable when ROB <1.

Sensitivity Analysis of Hepatitis B Model
The model parameters are investigated using sensitivity
analysis and their relative influence on the basic

reproduction number ROB is determined. It helps identify

which parameters will have the greatest effect on the
transmission dynamics of Hepatitis B and thus provides
information on which parameters are most important for
controlling the disease.

B
It can be determine using: Sf‘? = Ry LB .
x )\ R
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ﬂl/’lhz +(ﬂ161 + (7+53 + 56)ﬁ1 +of, +86:B3)1uh
+((T+56)ﬁ1+ﬂ3(w1+86))81 gl(ﬂh+¢1)luh
. +6,(7+ 64 ) B+ 6y By + 03, (T +6)
Sg = 7 - =0.24059,
Ay Loty +((Ahﬂb +ﬂ1)91 + A, (T +0,+0, +e+d+ 9, ))ﬂh

+(Ahﬂb(r+53+66+sl+¢1+¢2)+ﬁ1¢1+ﬂlel+(r+53+56)ﬂ1J6,

+a,f, + &5
+B, ((1+8,+ 0, +&,)d+(+ 0, + ¢, ) &+ (v + 55 +0,) 55 + ¢, (7 + 5 ) ) Aty
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Figure 2: Sensitivity Bar chart of Hepatitis B model

The sensitivity analysis shown in Figure 2 above indicates

that the parameters that have positive sensitivity indices
are the factors that will increase the transmission and
spread of Hepatitis B virus (HBV) in humans. From a
biological point of view, positive sensitivity indices
imply that when these parameters are increased, the basic
reproduction number is increased and thus the risk of

HBV transmission is increased. On the other hand,
parameters with negative sensitivity indices are
decreasing the prevalence and transmission of HBV.
From a biological standpoint, the higher these parameters
are, the more protective or controlling (vaccination,
treatment, recovery, other interventions), thereby
decreasing the population of infectives and HBV
transmission in humans.

Table 2: Parameter value and sources

Parameter Value Source

Ah 0.0121 | Zhang et al. (2014)

131 0.56 Assumed

ﬂb 0.33 | Opoku et al. (2023)

gl 0.058426 Ojonimi, et al. (2025)

& 0.025 | Zhang et al. (2014)

T 0.278267 | Ojonimi, et al. (2025)

V4 0.045 | Zhang et al. (2014)

¢1 0.03 | Assumed
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¢ 0.1 | Assumed
2
L 0.0121 | Zhang et al. (2014)
51 0.01 | Assumed
53 0.05 | Ojonimi, et al. (2025)
56 0.02 | Assumed
& 0.1 | Ojonimi, et al. (2025)
Numerical Simulation
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Figure 13: Simulation of the effect of g on

acutely infected human population

Figure 3 represents the surface plot of the combined effect
of the vaccination rate ¢, and treatment rate & on the

basic reproduction number ROB of Hepatitis B.

Biologically, vaccination would have the effect of
reducing the susceptible population and treatment would
reduce the infected population, which would ultimately
have a dampening effect on disease transmission. Thus,
increased efforts in these control measures are expected

to lead to a decrease in ROB and to improved control of

Hepatitis B, as seen in the surface plot in Figure 4, which
illustrates the combined effect of Hepatitis B contact rates

B,and /3 on the basic reproduction number RY . The
surface shown suggests that as /3,and /3, increases, so

does ROB . Increase in contact and transmission rates will

further facilitate infection and, in turn, increase
transmission potential of Hepatitis B, so reducing and
with appropriate preventative measures, reduce and
contribute to effective disease control.

In figure 5, the contour plot is displayed, which illustrates

combined effects of the vaccination rate ¢, and

treatment rate & . on the basic reproduction number ROB
. The contour lines indicate the values of the basic

reproduction number ROB of Hepatitis B for

combinations of vaccination rate ¢, and treatment rates

&, . The figure shows that the combined variation of these

intervention parameters has a significant impact on the
transmission potential of Hepatitis B. The region of

parameters where ROB <1 is defined by the red threshold

contour which approximately corresponds to ROB =1.
Therefore, combinations of parameters in the region

JOBASR2026 4(5): 30-55
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Figure 14: Simulation of the effect of ¢, on

cumulative new cases of Hepatitis B

below the threshold represent conditions in which the
transmission of Hepatitis B may be controlled, while
combinations of parameters in the region above the
threshold represent conditions that are favorable for the
persistence of the disease.

Fig. 6 shows contour plot of the combined effects of the

Hepatitis B contact rates, f,and /3 on the basic

reproduction number, ROB. These contour lines show the
effects of the various combinations of and on the
transmission potential of Hepatitis B virus (HBV). As /3,

increases, so does ROB andas f3, increases, so does ROB

. From a biological standpoint, more contacts lead to more
meaningful contacts between susceptible and infected
people and boost the spread of HBV in the community.

However, as ,82 and ,Bl decrease, suggesting that the

transmission of HBV can be decreased and eventually
controlled. Such interventions to reduce the effective
contact and transmission rates, such as health education,
safer behaviours, screening and other prevention
strategies, can make a significant contribution to the
control of the spread of HBV.

Figure (7) depicts the simulation of the effect of the
contact rate ﬂl on the susceptible human population to
Hepatitis B disease. The following is observed: As the
contact rate [3 increases over time, the susceptible

human population decreases faster. This means that if the
rate of transmission increases, the transmission of
Hepatitis B infection is increased, which means that there
are fewer susceptible individuals left.

Figure (8) depicts the simulation of the effect of the

vaccination rate ¢2 on the exposed human population to
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Hepatitis B disease. As the proportion ¢2 of humans

vaccinated increases, the number of exposed human’s
declines more quickly over time is observed. This means
the higher the vaccine coverage, the fewer people will be
exposed to Hepatitis B and therefore the more they can
help control the spread of the disease.

Figure (9) depicts the simulation of the effect of the

vaccination rate ¢, on the acutely infected human

population with Hepatitis B. It is revealed that the acutely
infected human population decreases with more rapid

decay over time, as the vaccination rate ¢, increases.

This means higher vaccination coverage means fewer
people will be acutely infected and this will help to
control the spread of Hepatitis B.

The simulation of the impact of vaccination rate ¢@, on

the Hepatitis B chronically infected human population is
shown in figure (10). We observed that the number of
humans infected chronically decreases faster over time as

the vaccination rate ¢, increases. This indicates that

greater vaccination will be able to make Hepatitis B
infection in humans more controllable and less durable.
Figure (11) shows the simulation of the effect of the

treatment rate &on the acutely infected human

population with Hepatitis B. As the treatment rate &

increases, it is observed that the human population with
acute infection decreases with time faster. This indicates

that an increase in the treatment rate & contributes to

reducing the number of acutely infected individuals and
helps control the spread of Hepatitis B.
Figure (12) shows the simulated result of the effect of the

treatment rate & on the chronically infected human
population of Hepatitis B. It is observed that as the rate of
treatment &, increases, the number of chronically

infected people decreases more quickly over time. This
shows that treating more people is working to reduce the
number of people who are chronically infected, and to
manage Hepatitis B infection.

The human simulation of the effect of the vertical

transmission rate [3, on the acutely infected human

population is shown in figure (13). It is noted that the
number of acutely infected humans increases with time
and tends to a new equilibrium as the vertical

transmission rate /3 increases. This means that a higher

vertical transmission rate /4, enhances the circulation of

Hepatitis B, and raises the number of acutely infected
people.

JOBASR2026 4(5): 30-55

Figure (14) illustrates the modelling of the impact of
changing vaccination rate ¢, on cumulative new cases of

Hepatitis B. For all values of ¢, it is observed that the
cumulative number of new cases grows with time. As
vaccination rate ¢, rise, the number of new cases

decreases, however. So, the more people vaccinated, the
less the new infections of Hepatitis B will occur and it can
play a role in controlling the spread of Hepatitis B
infection.

CONCLUSION

In this study, we model the dynamics of the transmission
of hepatitis B and explore its dynamics including vertical
and horizontal transmission with treatment and
vaccination as control strategies. We calculated the basic

reproduction number ROB of the hepatitis B model to
show that the system is locally asymptotically stable
when ROB <1, globally asymptotically stable when

RS <1 and a stable endemic equilibrium when R® >1

. We performed sensitivity analysis with respect to
different parameters such as the vertical transmission
rate, contact rates, treatment and vaccination rates.
Further, numerical simulations were performed by
changing a number of parameters, including the
vaccination rate, the treatment rate and the vertical
transmission rate. From our simulations we found that
despite the natural reduction of vertical transmission rate,
the higher the vaccination and treatment rates, the more
substantial the alleviation of the hepatitis B burden within
the human population. Hence, the importance of
strengthening vaccination and treatment programmes,
alongside of effective interventions to reduce vertical
transmission is emphasised to control and reduce the
burden of hepatitis B.
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