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ABSTRACT

Hepatitis B is a major global public health concern, causing both acute and
chronic liver disease and contributing to significant morbidity and mortality
worldwide. Effective vaccination strategies are critical to controlling its spread.
This study investigated the spread patterns of Hepatitis B and evaluated the
effectiveness of double-dose vaccination in minimizing transmission. A
mathematical model was developed to represent the transmission dynamics of
Hepatitis B in the human population, incorporating both acute and chronic

infection stages. The basic reproduction number ( RO) was calculated to assess

the potential for disease outbreak and persistence, and stability analysis was
conducted to determine conditions under which the infection could be eradicated

or maintained. A sensitivity analysis identified key parameters influencing R0 ,

Keywords:

Hepatitis B, such as transmission rate, vaccination coverage, and progression to chronic
Double-dose infection. Numerical simulations were performed to validate theoretical results
Vaccination, and demonstrate the impact of implementing a double-dose vaccination regimen.
Basic reproduction The findings indicated that increasing vaccination coverage through a double-
Number, dose strategy significantly reduces the prevalence of Hepatitis B, providing

valuable insights for public health strategies and policy development aimed at
disease control.

Sensitivity analysis,
Numerical simulation

INTRODUCTION particularly in low-resource settings (WHO, 2025).

Hepatitis B virus (HBV) infection continues to be a
significant global health challenge, with chronic infection
affecting hundreds of millions of people worldwide and
contributing to severe liver disease, including cirrhosis
and hepatocellular carcinoma (Rajbhandari et al., 2025;
WHO, 2025). Recent studies report that the global burden
of chronic HBV remains high despite widespread
vaccination efforts and antiviral treatments (Al-Busafi &
Alwassief, 2024). According to the World Health
Organization, gaps in screening, vaccination coverage,
and linkage to care contribute to persistent transmission
and disease progression in many regions,

Regional research also underscores substantial variability
in HBV prevalence and risk factors across countries and
communities, further accentuating the need for locally
tailored public health strategies. Transmission of HBV
occurs through exposure to infected blood and bodily
fluids, including through perinatal, sexual, and
percutaneous routes (Olakunde et al., 2025; WHO, 2025).
In high endemic regions such as sub-Saharan Africa,
perinatal transmission remains a leading source of new
chronic infections, particularly in settings with low
birth-dose vaccine coverage (Wondmeneh & Mekonnen,
2024).
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Empirical evidence from African populations confirms
these transmission patterns; for example, systematic
reviews show elevated HBV seroprevalence among
pregnant women across the continent, indicating ongoing
perinatal and horizontal transmission risks in these groups
(Wondmeneh & Mekonnen, 2024). Behavioral,
health-system, and sociodemographic factors, including
low awareness and limited access to preventive care,
further compound these transmission risks in many
communities.

Epidemiological research from Nigeria, one of the
countries with the highest estimated HBV burden in West
Africa, demonstrates persistent prevalence and diverse
molecular characteristics of circulating virus strains. A
recent cross-sectional screening study in Abuja found
HBV infection among 4.3% of adult participants, with
higher rates in specific age and sex groups, highlighting
population-specific patterns of risk and the need for
targeted vaccination and care programs (Akabuike et al.,
2024).  National-level analyses of  molecular
epidemiology in Enugu and Nasarawa States have
identified multiple HBV genotypes and drug-resistant
variants, underscoring the complexity of viral dynamics
and implications for treatment strategies (Egbe et al.,
2025). These findings align with broader systematic
reviews documenting high chronic HBV prevalence and
related risk factors in varied Nigerian populations,
including key subgroups like incarcerated individuals
(Adepoju et al., 2025). Prevention remains central to
HBYV control, with universal immunization and enhanced
screening being pivotal components of global elimination
strategies. Despite  evidence demonstrating the
effectiveness of HBV vaccination in reducing incidence,
vaccination coverage varies significantly across regions
and populations (Al-Busafi & Alwassief, 2024; Tuuryare
etal., 2025). Research in Somalia, for example, highlights
disparities in adult HBV vaccine uptake and associated
factors, pointing to gaps in public health messaging and
access to preventive services (Tuuryare et al., 2025).
Likewise, studies of vaccination practices among
healthcare workers in Nigeria reveal psychosocial and
digital predictors affecting uptake, suggesting that
tailored interventions are needed to improve vaccine
acceptance in high-risk groups (Aremu et al., 2025).
Advances in HBV treatment and care continue to evolve,
with current antiviral regimens effectively suppressing
viral replication and improving clinical outcomes
(Rajbhandari et al., 2025). However, challenges remain
regarding long-term treatment adherence, monitoring for
drug resistance, and ensuring equitable access to care in
low-resource settings. Moreover, integrating HBV testing
and treatment into existing maternal health services has
been explored in Ghana to improve prevention of
mother-to-child transmission, demonstrating feasibility
and potential impact (Koray et al., 2025). Collectively,
these empirical studies emphasize the multidimensional
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nature of HBV control spanning epidemiology,
prevention, clinical care, and health systems
strengthening and reinforce the need for sustained,
evidence-driven policies and programs.

Turab et al. (2024) developed a fractional HBV
transmission model using a Caputo derivative to better
capture the complex Kkinetics of infection stages,
including acute and chronic carriers. They derived the
basic reproduction number and equilibrium points, and
applied an Artificial Neural Network (ANN) to classify
training, testing, and validation datasets for model
behaviour. The study demonstrated that fractional-order
modelling could reveal nuanced epidemic dynamics and
offered graphical comparisons of different non-integer
orders, suggesting potential utility for informing control
strategies that incorporate  vaccination effects.
El-Shenawy et al. (2025) introduced a nonlinear HBV
model and performed numerical simulation with the
Dickson collocation technique, transforming the
ordinary differential equations into a nonlinear algebraic
system for efficient computation. Their analysis revealed
that the Dickson approach had higher precision and better
convergence rates compared to traditional ANN methods.
The authors concluded that this numerical method could
accurately simulate complex virus—host interactions and
provide insights into long-term dynamics, advancing the
toolkit for epidemiological HBV modelling.

Mirgichan et al. (2025) constructed a deterministic
compartmental model capturing HBV transmission
dynamics by including passive immunity, vaccination at
birth, screening, and treatment strategies. They derived
the basic reproduction number and conducted numerical
simulations using demographic and vaccination data to
assess control impacts. Their findings underscored that
passive immunity and comprehensive vaccination
significantly influenced disease transmission patterns,
offering quantitative support for integrated public health
interventions aimed at reducing endemic HBV
prevalence. Zarin et al. (2024) developed a reaction—
diffusion SVEICHR model incorporating spatial
diffusion to dissect Hepatitis B spread across
heterogeneous environments. They calculated the basic
reproduction number through a next-generation matrix
and conducted equilibrium stability analysis. Simulations
implemented in MATLAB showed how spatial
movement and diffusion influenced disease dynamics and
evaluated vaccination and hospitalization as control
strategies. This work extended traditional compartmental
modelling by adding spatial heterogeneity, which
allowed a more realistic depiction of HBV transmission
over continuous landscapes.

The research aimed to investigate the spread patterns of
Hepatitis B and assess the effectiveness of treatment and
vaccination  strategies in  minimizing  disease
transmission. By constructing a mathematical framework,
the study sought to provide a comprehensive
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understanding of the mechanisms underlying Hepatitis B
transmission and to identify critical factors that influence
its spread. To achieve this, the study pursued several
specific objectives. First, a mathematical model was
developed to depict the transmission dynamics of
Hepatitis B. Second, the basic reproduction number ( R0

) of the model was computed to quantify the potential for
disease outbreak and persistence. Third, the stability of
the model was analyzed to determine the conditions under
which the disease could be eradicated or persist in the
population. Fourth, a sensitivity analysis was conducted
to evaluate the impact of key parameters on the basic
reproduction number, identifying which factors most
strongly affected disease transmission. Finally, numerical
simulations of the model were performed to validate the
theoretical findings and provide visual and quantitative
confirmation of the model’s behavior under various
scenarios.

MATERIALS AND METHODS
Model Formulation.

The human population at time t, denoted by N (t) is
sub-divided into Six(6) mutually exclusive compartments
of Susceptible humans S (t), First dose of vaccinated
humans V, (t), Second dose of vaccinated humans
V, (t). Acute stage infectious humans (first six months
after infection) A(t), Chronic stage infectious humans

C(t)and Recovered humans R(t). The recruitment

rate of humans into the susceptible population is denoted
by A,, the recruitment rate of the first dose vaccinated

humans into the population is at the rate of A, and the
recruitment rate of the chronic stage infectious humans

@,
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into the population is at the rate of A_. We denote & as

the effective contact rate of the susceptible and infectious
humans, K as the degree of infectiousness of the acute
stage individuals in comparison to the chronic individuals
with HPV B. Humans die naturally at the rate of £ and

the chronic stage HPV B individuals die due to the disease
at the rate of y/ . We denote ¢, as the rate of vaccination

of the susceptible humans and ¢, as the rate at which the

first dose of vaccine fails. The progression rate from acute
stage to chronic stage of HPV B due to manifestation of
clinical symptoms is denoted by & . The natural recovery
rate of acute stage of HPV B is o , the rate of recovery in

the chronic stage class due to treatment is & and the
recovery rate of the second dose vaccinated humans is &
. We denote the rate of the second dose of the HPV B
vaccine by «r . The total human population is denoted as:
N (t)=S(t)+V,(t)+V,(t)+A(t)+C(t)+R(t)
In formulating the mathematical model for Hepatitis B
transmission, several assumptions were made to simplify
and accurately represent the dynamics of the disease. It
was assumed that individuals in the acute stage of
Hepatitis B infection could progress to a chronic infection
if they did not receive appropriate treatment, reflecting
the clinical reality of disease progression. Additionally, a
proportion of individuals in the acute stage were
considered capable of natural recovery, thereby exiting
the infectious class without medical intervention. Finally,
it was assumed that the rate of vaccine failure following
the second dose was extremely negligible, implying that
individuals who completed the recommended vaccination
schedule were effectively protected against infection.
These assumptions provided the foundation for
constructing a tractable and realistic model to explore the
transmission and control of Hepatitis B.
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Fig. 1: Schematic diagram of the Hepatitis B model
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Table 1: Variable and Parameters description

Variable

Description

Susceptible Humans

First dose vaccinated humans

Second dose vaccinated humans

Acute infectious humans (First six months after infection )

Chronic stage infectious humans

O = < |w»vw

Recovered Humans

PARAMETER DESCRIPTION

A Recruitment rate of susceptible unvaccinated humans

A, Recruitment rate of first dose vaccinated humans

A, Recruitment rate of chronic infectious humans

o Rate of vaccination of susceptible humans

®, Rate of first dosage vaccine failure

4: Contact rate of susceptible and infectious humans

lu Natural death rate of humans

k Degree of infectiousness of acute individual in comparison with chronic individuals with Hepatitis
B

104 Rate of second dose of vaccine

E Recovery rate of second dose vaccinated humans

O Natural recovery rate of acute infectious humans

Recovery rate of chronic infectious humans due to treatment

Progression rate from acute to chronic infectious humans by developing symptoms

0
)
4

Disease induced death of the chronic infectious humans

Model Equations

dv,

Based on the model outlined above, the transmission d_tl =A,+@S —(a THTQ, )Vl,
dynamics of Hepatitis B in the population are described Y
by the following system of differential equations: _

ds d—tz—OZVl—(8+lu)V2,

E=As+¢zvl—(}t+,u+¢1)8,
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d—AziS—(5+0'+/1)A,
dt
c:j—ct::/\c +S5A—(0+u+y)C,
drR

E:O'A'FQC-FEVZ—IIJR. (1)
The force of infection of the Hepatitis B model in (1) is
given as:
£(kA+C)
A=——=,
N
RESULTS AND DISCUSSION

Invariant region of the Hepatitis B model

The solutions of the proposed Hepatitis B model are
feasible for all t > 0, if they enter the invariant region D,
which is given by:

(S,Vl,VZ,A,C,R):S >0V, >0,
>0,A>0,C>0,R>0,
A A A

Ne<—S< VYo C
H H H

D= V2

Proof
The total population of the humans in the Hepatitis B
model is given as

N(t) =S(t) +V,(t) +V,(t) + At) + C(t) + R(t)
The sum of the differential equations is

N'(t) =S (t) +V, (1) +V, () + A(t)+C (t) +R(t)
On evaluating the algebraic terms, we obtain

N'(t)=A,—(S+V,+V,+A+C+R)u—yC
N'(t) = A, — uN —yC
dN
—<A_—uN
dt s H

Solving the differential equation using the integrating
factor method, we obtained

N(t)sﬁ{N(O)-ﬁJe-ﬂt
Iz H

Applying Birkhoff and Rota’s theorem on the inequality,
we obtain

OSNSAS ast—

U
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Thus, D is a positively invariant set under the flow
described by the model (1) so that no solution path leaves

through the boundary of region D .Thus, in this region,
the Hepatitis B model can be considered as being
epidemiologically and mathematically well posed.

Positivity of solution of the Hepatitis B model
It is necessary to prove that all state variable of the

Hepatitis B model in are nonnegative for all time (t) , for
the model to be epidemiologically and mathematically
well posed in a feasible region D given by:

(SV,,V,,A.C,R)eR®:
D=
(S+V,+V,+A+C+R)<N

This is done by considering,
{(SV,.V,,AC,R)eR?}

Lemma 1:
Let the initial data for the model (1) be
(S,Vl,Vz, A, C, R) >0. Then the solutions

(S,Vl,Vz, A C, R) of the model (1) are positive for all

time t >0
Proof
t>0:5>0,V, >0V, >0,
Let t=sup . Thus
A>0,C>0,R>0¢[0,t]
t>0.
We have from the first equation that
ds
EZAS +¢2V1—(/1+,u+(01)8,
z—? > —(ﬂ +u+ go) S

This can also be written as

ds
J-? > —J-(/1+,u+(p)dt
We obtained:
INS>—(A+pu+p)t+C

s@zce AHHTON
Applying the initial condition; when t =0, S(0) =C
Therefore, S(t) > S(0)e ! > Osince
(ﬂh + /Uh) >0
Similarly, it can be shown that V,,V,, A,C,R >0

Asymptotic stability of the disease-free equilibrium of
the Hepatitis B model
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The steady state where there is no infection (or absence  The basic reproduction number of Hepatitis B infected
of the disease), a point where A=C =R =0 iscalled individuals denoted by R, is defined as the average
the disease-free equilibrium point (DFE) of the Hepatitis  ,,mper of secondary infections produced by a single

B model which is given as: Hepatitis B infectious individual introduced in a wholly
M = {S*,Vl*,vz*, A", C’, R*} = susceptible population during his or her entire infectious
period. We calculate the basic reproduction number by
A, A, A, a using _the next generation operator method on the
, , ,0,0,0 dynamical system (1).
VitH a+u (05 + ,U) P, Hence, it follows that

R, = p(FV ’1) where p is the dominant eigenvalue
Basic Reproduction Number of the Hepatitis B

Model of FV™*

EKA (o + )P, EA(a+u)P,

F= (y/1+y)(P2+a)Av+As(a+y)P2 (1//1+y)(P2+a)AV+AS(a+y)P2

0 0
1
R 0], . | P
sl T s 1)
PP, P,
.fAs(a+y)P2(kP4+5) EN(ar+)P
]
FV == P3((l//l+,u)(P2+a)AV+AS(a+,u)P2)P4 P4(((//1+,u)(P2+a)AV+AS(a+,u)P2)

0 0

Local Asymptotic Stability of the DFE of the
Hepatitis B Model
Theorem 1

Therefore, the greatest eigenvalue of FV ™ the basic
reproduction number of the Hepatitis B only model is
EAP(Pak+Pku+ad+Su)

R, = The disease-free equilibrium point of the Hepatitis B only
PP(PaA, +PuA +Pul, +RA g +apuh, +ah,g) locally asymptotically stable (LAS) if R, <1, and
’ unstable if R, >1.
R - EA(a+u)P(Pk+6) Proof
° P3((l//l +u)(P+a)A, +A(a+u) Pz) P,  Using Jacobian matrix to prove the local stability of the
disease free equilibrium point
i EKA _(a+p)P EA_(a+u)P i
_(¢1+ﬂ) @, 0 _ S ) 2 _ s( ) 2 0
((p1+,u)(P2+a)AV+AS(a+,u)P2 (gol+/,z)(P2+a)Av+AS(a+y)P2
o R0 0 0 0
0 a -P 0 0 0
()= 2 P A +A kP, ||P, ~P,aA
0 0 0 (_ 3(/l+(/)1) V+ S(ﬂ+a)( é:_ 3)) 2_ 3a V(/l+¢1) §As(a+,u)P2 0
((u+¢1)AV+As(,u+a))P2+aAv(y+(pl) (¢1+;z)(P2+a)AV+As(a+y)P2
0 0 0 5 -P, 0
| 0 0 & o 0 1|
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Since the diagonal third and sixth columns consist of only
the diagonal elements which makes —z,—P,, we can

reduce J (77, ) to

Agbata et al.
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EkA(a+ )P, EA(a+p)P,
_((H'u) & _(¢1+ﬂ)(P2+a)AV+AS(a+/J)P2 _((Pﬁﬂ)(Per&)AvJFAS(aJr”)PZ
o P 0 :
Ji(m)= : (P40, + A () (KE-B)) P ~Pah, (1) EA(o+ )P,
((+ ) A, + () P+t (g4 ) (e+u)(Rra)d +Aa+ )P
0 0 Y i

The

characteristics ~ polynomial  of Jl(no)is

A4 m34Bi24ca+D=0

Where,

A:(‘/’l“” Pl)((("”l’”)’\v’As(‘“”))Pz’“Av(q’l*”))

*(‘(Pe,* AR P4)jP2TAv“P3+Av“P4)(¢1+”)

B=(Ru—o(0, - Pl))(((_‘/’l_”)/‘v ~Agla+ )R, _”‘Av(‘”l“‘))
+(‘/’1“‘+ Pl)((_(P3 * P4)(‘/’1+”)Av +As(“+“)(k‘f— P3— P4))P2 _(Av“P3+Av“P4)(‘p1+“))

+[7P3 P4((p1+,u)AV +((k(§f P3) P, + 55)(a + A ]szAVa Py Pa(#y + )

c :(Plﬂ_(pl(¢2 - P1))((_(P3 +Py (o)A A () (ks Py - P4)) P _(Av“P3+Av“P4)(‘/’1+”))

oy +ae+ Pl)[(—Ps ACETILS +((ke§— Py)P,+ §5)(a Fu)A, ) P, ~ A, P, Py(0, +/1)j

D= (Plf‘_‘/’l(‘pz - Pl))((_Ps P4(‘/’1+”)Av +((k"§_ Ps) Fa +55)(“+”)A5)P2 ARy P3(V/1+ﬂ))

+(1— RO)

Applying Routh-Hurwitz criterion to the Characteristics
polynomial, we have that

(1-Ry) >0
=R, <1

Thus the DFE point of the Hepatitis B only model is
locally asymptotically stable.

Global Asymptotic Stability of the Disease free
equilibrium point of the Hepatitis B Model.
To investigate the global stability of the disease-free
equilibrium, we use the technique implemented by
Castillo-Chavez and song.
To do this, we write the equation in the uninfected class
as
X _ (X,2)
dt

And we re-write the equation in the infected class as
dz

—=06(X,Z

o (X,2)
Where X = (S,Vl,VZ, R) € 4+ denotes the
uninfected population and

Z= (A, C) € i 2. denotes the infected
population

17, =(X7,0) represent the disease free
equilibrium of the system, and it globally asymptotically
stable if it satisfies the following conditions:

dx * *
H :—=F(X,0),X isglobally
1t ( )

asymptotically stable

H, :z—fz D,G(X",0)Z-G(X,Z)
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é(X,Z)ZOforaII (X,Z)e D and where

D,G (X " O) is an M- matrix (i.e the diagonal
elements are no-negative and it is also the Jacobian of
G(X,Z)=0 evaluated at (X", 0).

If the system satisfies the above condition, then the
theorem below holds.

Theorem 2
The equilibrium point 77, = (X", 0). is globally
asymptotically stable if R, <1
(A +oN,—(A+u+9)S,
A, +oS—(a+u+e,)V,,
aV, —(e+ 1)V,
ocA+60C+¢&V, — uR.
AS —(5+ o+ u) A
A +S6A—(0+u+y)C

At disease free equilibrium,

F(X,Z)=

G(X,Z)=

H,:
ds
—=A,—(@+u)S
at h (€9 /U)
dv,
—=A,—(a+u)S
dt (@)
% = aVl* — PZVZ*
drR_,
dt

H,:

§kAS(a+,u)P2

(5 A
D,G(X",00Z =| (¢, + 1) (P, +@) A, + A, (a+ 1) P, (0+o+u)
A +SA—(0+pu+y)C

G(X,Z)=D,G(X",0)Z-G(X,Z)

EKA(a+ 1) P,
G(X,Z)=|(p+u)(P+a)A, +A(a+u)P,
0

&

Clearly, 1> %this implies thaté(X : Z) >0.

Therefore the disease-free equilibrium of the Hepatitis B
only model is globally asymptotically stable.
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Endemic Equilibrium Point of the Hepatitis B Model
The endemic equilibrium point is the steady state where
there is persistence or prevalence of a disease in the
population.

Theorem 3
The endemic equilibrium point of the Hepatitis B model

in (1) is stable if R, >1and unstable if R, <1.

Proof

To obtain the endemic equilibrium we set the RHS of the
differential equations in (1) to zero and solve for the state
variables.

Thus, at the endemic equilibrium point,

ds_dv, _dv, dA_dC_dR_,

dt dt  dt dt dt dt

Let ™ =(S”,Vl**,vz**, A™,C”, R**) be the
endemic equilibrium point.

We have that,
PlAs + Av (Pz

(A" +u+0 )P -00
(A5+Av)gol+Av(/1**+,u)
" (R +R(A7+u)
H_((AS+AV)¢1+AV(/1”+;1))0¢
© R((R-e)a+R(47+u))
A (RA+A )
R((2+ur0)P-00)
(A2 +u+@)P+527 A )P,

*k

g™ =

ok

Hk

A

«_~0(PAp-547A, )
B((A"+u+0)P-00)P

P, +

_(ngolec 3

p 0'+56’)(P1AS+AV¢2)

6’((/1** +u+ gol) Pl
A**(

*%*
wx_ +P4(AV/1 +(AS +AV)¢1+AV;1)

g

4

P.ca
R 3

**
P4((’1 +““”1) F)1‘<”2¢1) P
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Substituting them into the force of infection for the Where,
Hepeatitis B disease transmission in the rodents’ ( ( P15 A
oA o, +P, ) +0¢ ) +
. E(kAT+CT) _ 2 472N o
population, A = v we obtained A= o TRy,

A+ A+ A =0 ©

A= (((("’1*‘/’2 “‘)Av “\s(‘/’fr Pl)) Pa _((¢2 - Pl)‘/’l

+P4a((/1+(pl)Av +AS¢1JP3

A =—P Py P uéA  ~

The phenomenon of backward blfurcatlon which is
characterized by co-existence of a stable disease-free
equilibrium point and a stable endemic equilibrium when
the associated reproduction number of Hepatitis B model
is less than unity. Biologically, the implication of
backward bifurcation is that the necessary condition for
the effective control of Hepatitis B in the population when
the reproduction number is less than unity is no longer
sufficient. In backward bifurcation, multiple endemic
equilibria must exist. Thus, this implies that there are
three cases which are to be considered of the Hepatitis B

endemic polynomial depending on the sign of Az and

A, since A is always positive. That is;
1) 1f A, <Oand A;=0o0rA?—-4AA =0,then

eg. (2) has a unique endemic equilibrium point
(one positive root) and no possibility of
backward bifurcation.

2) 1fA, <0, A >0and A2—4AA, >0, then
eq. (2) has two endemic equilibria (two possible
roots), and therefore it is possible for backward
bifurcation to occur.

3) Otherwise, there is none.

Pl(P3AC+P4A +SA )

_ Pl(y—.f))Ac)P3—§(PlAs +AV¢2)(P4k+5)j P,

However it is important to note that A3 is always positive

ReAa TR e, gD#(DRO( < fﬁr}d negative if R, >1.

Sensitivity Analysis of the Hepatitis B Model
Sensitivity analysis is carried out to determine the
parameters that enhances the spread as well as control of
an infection in a population.

The sensitivity index of the reproduction number of the
Hepatitis B model with respect to any parameter say p is
given by:

SRo:a;ROXE.

o R
Given that
R — §As(a+y)P2(P4k+5)
)=

Ps((l//l+,u)(P2 +a)A, +A(a+u) PZ)P4

fAs(a+,u)(g+,u)((z9+,u+y/)k+5)
(5+0+,u)((1//1+,u)(6+ﬂ+a)Av +As((x+,u)(g+y))(9+,u+t//)

R
3,° =1.0000
9

R, _ (v +u)(e+p+a)A,

= =0.4737
As (A+A) P+ ((y+a+e) A+ A (a+e)) u+y(a+e)A, +Aae

3

A Ay +u)e — ~0.0504
a ((AS +A )P +((wy+a+e) A, + A (a+e))u+y,(a+e)A, +Asae)(a+,u)
,P;ROZ_ §As(y+a)(e+,u)((¢9+ﬂ+lﬂ)k"‘5) B
H (5+0'+y)2 ((y+z//l)(e+y+a)/\v +As(y+a)(e+y))(0+y+w)
f/\s(,u+a)(e+,u)((6’+,u+w)k+5)((e+,u+a)/\v+(,u+y/l)AV +As(e+,u)+1\s(,u+a)):_01370

2
(5+0'+,u)((u+(//1)(e+,u+a)Av+AS(,u+a)(e+,u)) (0+u+vy)
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R A e((// + ,u)a
50 __ 5 vl =-0.0579
(e+y)((AS +Av)y +((1//1+a+e)AV +As(a+e))y+z//1(a+e)Av +Asae)
parameters typically include factors such as the
R 50 transmission rate, contact rate between susceptible and
3 0__ = —(0.0051infected individuals, or the progression rate from acute to
0 ((9+,u+l//)k+5)(t9+,u+(//) chronic infection, all of which directly enhance the
R potential for disease spread. Conversely, parameters with
5 0_ oy —_0.1039 negative sensitivity indices were observed to suppress the
v o ((6’+/J+l//)k+5)(9+y+lﬂ) e transmission of Hepatitis B, meaning that increases in
R these factors result in a lower (R,) and reduced
5 0 _ (0+u+y)k —0.7037 prevalence of infection. Such parameters often
k (9 +u+ W) k+6 ' encompass vaccination coverage, recovery rate of acutely
infected individuals, or effectiveness of treatment
SRo _ ((9+,U+l//)k—,u—0)5 — _0.0690 interventions, all of which act to mitigate the spread of the
S Stot O+ utw)k+s) e ' virus. Understanding the relative sensitivity of these
( e ,u)(( # W) ) parameters provides critical insight into which aspects of
,RO _ o —_0.0909 disease dynamics are most impactful and can inform the
‘Sa - S+o+ - : design of targeted public health strategies to control and
H reduce the burden of Hepatitis B.
- i wesaea)d, —-0.4737
A, et uralA +A (a+u)e+u) Numerical Simulations
o ralerara)A Aot (e ) Table 2. Parameter Values and Sources
. Parameter Value Sources
— B A 0.29 Assumed
A A, 0.2 Assumed
— |E 0.11 Assumed
., A, . ssume
i e 0.52 Atnaw et al.
8 osl B P (2023)
o i \
< Ck ) 0.04 Shepard et al.
2
> B (2006)
= B é: 0.24 Atnaw et al.
% A, (2023)
T o L — U 0.9 Atnaw et al.
] (2023)
k 0.5 Pang and Zhou
(2010)
o 0.72 Atnaw et al.
05 , , , , , , (2023)
o 2 4 6 8 10 12 E 0.51 Assumed
Parameters O 0.12 Atnaw et al.
Figure 2 Bar chat of Hepatitis B sensitivity Indices (2023)
The results (_)f the sensitivity analysis revealed the (9 0.025 Zou et al.
influence of different model parameters on the spread of (2010)
Hepatitis B within the human population. Parameters that 5 03 Atnaw et al.
exhibited positive sensitivity indices were found to (2023)
promote the transmission of the virus, indicating that v 05 Atnaw et al.
increases in these parameters lead to a higher basic (2023)

reproduction number ( R;) and, consequently, a greater
prevalence of infection (Agbata et al, 2025). These

In this section, we present the graphical representations
of the numerical simulations of our Hepatitis B model.
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As & increases, the force of infection A also increases,
resulting in a higher rate at which susceptible individuals
contract the infection as seen in figure 3a. This leads to a
more rapid decline in the susceptible population over time
with higher values of & . In contrast, for lower values of
&, the decrease in S is more gradual, indicating a
slower spread of the infection. In scenarios with very high
&, S declines sharply, reflecting a rapid transmission

rate. The depletion of susceptible individuals is a critical
indicator of the infection's spread through the population,
and high & values exacerbate this decline significantly.

The V, compartment includes individuals who have
received the first dose of the vaccine. Initially, V,
increases as vaccination efforts (q)lS) are implemented
as seen in figure 3b. However, as & increases, the
infection pressure accelerates the transition from V, to
the V, the

compartments, reducing the duration individuals stay in
V,. Consequently, for higher &, V, reaches a peak

either compartment  or infection

earlier and starts to decline sooner compared to lower &

values. This dynamic reflects the balance between
vaccination and infection pressure in the population.

The V, compartment rises as individuals from V; receive
their second dose of the vaccine as observed from figure
4a. With higher &, there is an increased urgency to move
from V, to V, due to the heightened infection risk. This
results in a quicker rise and potentially a higher peak in

V2. However, this also depends on the capacity to
vaccinate individuals promptly. Higher values of & may
cause a strain on vaccination efforts, influencing the V,
compartment  dynamics  significantly. The A
compartment, representing individuals with acute
hepatitis B infection, exhibits a notable increase as &

rises. The rate at which susceptible individuals become
acutely infected (AS ) is directly influenced by & . Thus,

with higher &, the A compartment shows a steeper and
more pronounced rise, leading to higher peaks of acute
infection. Lower & values result in a slower increase and
a lower peak of acute infections, indicating a more
controlled spread of the disease. This compartment is
crucial in understanding the immediate burden of disease
and the pressure on healthcare resources. Chronic
infections, represented by the C  compartment,
accumulate as a proportion of acutely infected individuals
(O A) transition into this state. With increasing &, the

influx into C from A becomes more pronounced,
leading to a higher accumulation of chronic cases over
time. The difference in the C compartment between
various & values becomes more significant, reflecting

the impact of increased infection pressure on long-term
disease outcomes. The chronic infection compartment is
essential for understanding the long-term health impacts
and the need for ongoing medical care and monitoring.

The R compartment includes individuals who recover
from acute infection (o"A) or chronic infection (6C ),
as well as those who clear the infection through
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vaccination effects. Higher &£ values lead to faster and

larger accumulation in R due to higher transition rates

from A and C as the infection spreads more rapidly.
This results in more recoveries in the population, which
can be seen as both a positive outcome of effective
immune responses and a consequence of the higher
overall burden of disease from figure 5b. The recovery
rates reflect the overall dynamics of disease resolution
and the effectiveness of vaccination and natural
immunity.

CONCLUSION

In this study, we developed a mathematical model to
investigate the transmission dynamics of Hepatitis B,
explicitly incorporating treatment as a control measure.
Using the model, we calculated the basic reproduction

number (R, ), which provided insight into the potential

for disease outbreak and persistence within the
population. The analysis revealed that the system

exhibited local asymptotic stability when R0 <1, global
asymptotic stability under specific parameter conditions,
and maintained a stable endemic equilibrium when F\’0 >

1. To understand the influence of individual parameters
on disease dynamics, we performed a sensitivity analysis.
Parameters with positive sensitivity indices, such as the
transmission rate and progression to chronic infection,
were found to enhance the spread of Hepatitis B, while
parameters with negative sensitivity indices, including
vaccination coverage and recovery rate, suppressed
transmission, thereby highlighting key factors for
targeted intervention.  Additionally, numerical
simulations were conducted by varying the contact rate
((\beta)), representing interactions between susceptible
and infected individuals. The simulations demonstrated
that reducing contacts between susceptible and infected
populations, combined with increasing the rate of
treatment, significantly decreased the prevalence and
overall burden of Hepatitis B. These findings underscore
the critical role of treatment strategies and behavioral
interventions, such as reducing exposure risk, in
controlling Hepatitis B transmission in human
populations. To reduce the burden of Hepatitis B, it was
recommended that expanding vaccination coverage with
timely administration of both doses, minimizing contact
rates through public awareness and safe practices, and
strengthening healthcare services for acute and chronic
cases, including timely diagnosis and effective treatment.
For future research, incorporating time-dependent
optimal control strategies, developing age-structured
models, and applying fractional-order approaches could
provide deeper insights into transmission dynamics and
enhance strategies for controlling the disease.
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